Models of Computation

2. Programmed grammars, matrix grammars,
random context grammars, Lindenmayer-systems
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Controlled context-free grammars

* Question: Is it possible to generate non-context-free
languages with context-free grammars by specifying
conditions on the applicability of production rules.

* Answer: yes, e.g.
* Programmed grammars
* Matrix grammars
* Random context grammars
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Programmed Grammars

* A context-free programmed grammar is a 4-tuple
G=(N, T, P,S), where
* N and T are disjoint finite alphabets,

S € N is the start symbol (axiom),

P is a finite set of ordered triples of the form

r=(p, g, 9),
where p is a context-free rule, g, ¢ C P,

* o is the success field of r, ¢ is the failure field of r.

* Ifr=(p, g, 9), for all rules r € P, then the grammar G is
without appearance checking, otherwise, with appearance
checking.
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Programmed Grammars

* LetG=(N,T,P,S) be a programmed context-free grammar

e Ifuyv e (NUT)*are two consecutive sentences (strings) in a
derivation (the i—1-st. and i-th, where i = 0) and the i-th applied rule
sri= (A - w, g, @), then exactly one of the following hold

* if u=xAy, forsome x,y € (N U T)* then v =xwy, and
the /+1-st rule ri.; applied in the derivation (if exists) ri1 € O.
(I.e. the next applied rule must be from the success set.)

* if u does not contain A, then v =u, and
the j+1-st rule i1 applied in the derivation (if exists) is ri.1 €
@. (I.e. the next applied rule must be from the failure set.)

e Notation: u=>v
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Programmed Grammars

* LetG=(N,T,P,S) a programmed context-free grammar.
The language L(G) generated by G is:

L(G) ={weT*|S=>*w},
where =* Is the reflexive, transitive closure of the relation =.
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Programmed Grammar

* Example:
Let G = (N, T, P, S) be a programmed grammar, where
N ={S, A}, T ={a}, and P = {ri, r», rs}, where
* n=(S - AA, {r}, {r2}),
* rn=(A > S, {r}, {n, r3}), and
°* r3=(S - a, {rs}, 9).
Then L(G) ={a? |n > 0}.
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Programmed Grammar

Let G = ({S, A}, {a},S,{r1,r2,73}). where

r = (S — AA, {r}, {r:})
ro = (A — S, {ra},{r1,r3})
ry = (8 — a,{rs},0)
The derivation for the string aaaa is as follows:
S = AA =, AA->,, SA=-, 58>, S8
=, AAS =, AAAA =, AAAA
=y, SAAA =, SSAA =, SSSA =, S558 =,, SS8S

“rpg @SSS =y, aaSS =5y, aaalS >y, aaaa —,, aaaa

As can be seen from the derivation and the rules, each time 7y and 3 succeed, they feed back to themselves, which forces each rule
to continue to rewrite the string over and over until it can do so no more. Upon failing, the derivation can switch to a different rule. In
the case of 7, that means rewriting all Ss as AAs, then switching to 2. In the case of r», it means rewriting all As as Ss, then
switching either to 7y, which will lead to doubling the number of Ss produced, or to 73 which converts the Ss to as then halts the
derivation. Each cycle through 7, then 73 therefore either doubles the initial number of Ss, or converts the Ss to as. The trivial case of

generating a, in case it is difficult to see, simply involves vacuously applying 1, thus jumping straight to 2 which also vacuously
applies, then jumping to r3 which produces a.

Source: https://en.wikipedia.org/wiki/Controlled_grammar
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Matrix Grammar

* A context-free matrix grammar with appearance checking is
ab-tupleG=(N, T, M, S, ), where

* N and T are disjoint finite alphabets,
* S € N is the start symbol (axiom),

* M={mi, m, ..., My}, n=1,1s a finite set of sequences
mi= i, ..., Pik), k() =1, 1<i<n, where
eachp;,1<i<n,1<j<k(),is acontext-free rule, and

c FC{pi|1<i<sn,1<j<k()}

IS a subset of rules of sequences in M.

* The elements of M are called matrices.
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Matrix Grammar

* Amatrixgrammar G=(N, T, M, S, ¥) is without
appearance checking, if and only if = &.
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Matrix Grammar

* LetG=(N, T, M, S, ) be matrix grammar and
w,w’ € (N U T)*. Then w’ can be derived from w
according to a matrix

m, . (A,'1 - Vi, ... ,Aik(,) — V,'k(,)) (= M, 1£i£n, k(i)Zl,
(denoted as: W =, W),
If and only if there exist words wi , . . ., Wip+1 € (N U T )*, s.t.

W= Wa , W = Wijp+ and

foralliandj, where 1 <i<n,1<)<k(),

* eilther Wi = WiAW”; and Wiz = WiV,

* or A; does not appear w; and wj = Wi,
and A; - vj €
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Matrix Grammar

* LetG=(N, T, M,S, ¥)be amatrix grammar.
The language L(G) generated by G is:
L(G) - {W e T* | S 3m,-l)/]_ :>mj2y2 :>mj3 . e :>mjsW, 1 S.I’ S I’, 1 S I S S}

°* Example:LetG=(N, T, M, S, &) be a matrix grammar without
appearace checking, where N = {S, A, B}, T ={a, b}, and
M = {mi, m2, ms, M4, ms}, where
my= (S — AB),
m;=(A - bA, B - bB),
m3:(A — b, B - b),
ms=(A - aA, B - aB), and
ms=(A - a, B - a).
Then L(G) ={ww | w € {a, b}* }.
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Random context grammar

* Arandom context grammar is a4-tuple G=(N, T, P, S),
where
N and T are disjoint finite alphabets,
S € N is the start symbol (axiom),
P is a finite set of ordered triples of the form (p, O, R),
where p is a context-free rule, Q, R € N.
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Random context grammar

* LetG=(N, T, P,S) bearandom context grammar. The word
y can be derived from x, x,y € (N U T)*, (notation: x = ), if
* X =XAx",y =xwx”, for some words X', x”e€ (N U T)* and
* Forall (A - w, Q, R) € P, if all symbols of Q appearin

I\,7)

x’x”, and no symbol of R appear in x’x”.

*  Remark:
Q Is called the permitting context of (A - w, Q, R) and
R is called the forbidding context of (A - w, Q, R).

Models of Computation 13 Tamas Lukovszki



Random context grammar

* LetG=(N, T, P,S)bearandom context grammar.
The language L(G) generated by the grammar G is:
L(G)={w e T*| S=*w}.

*  Example:
Let G = (N, T, P, S) be a random context grammar, where
N={S, X, Y, A}, T={a}, and P = {r.,r, rs, I, Is}, where
rn=(S - XX, 9,{Y, A},
r.=X-Y, d,{S},
rs=(Y - S, J,{X}),
r.=(S - A, J,{X, Y},
s = (A -~ a, v, {Si)
— 2
Then L(G) ={a“ |n > 0}.
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Random context grammar

* Arandom context grammar generating the Ianguage{a2 ‘TL > 0}.
Let G = ({5, X, Y, A}, {a}, S, {r1,r2, 73, 74,75 }). where
r = (85— XX, 0,{Y,A})
rn=(X—=Y,0,{5})
rs = (Y = 5,0,{X})
rg =(8 = A,0,{X,Y})
rs = (A —a,0,{S5})
Consider now the production for aaaa:
S=p XX=, YX=, YY =, S5Y =, 5§
=>p, AXS =) XXXX =, VXXX =, YYXX =, YYYX =, YYYY
=, OYYY =, S8YY =, S55Y =, §555
=y, ASSS =, AASS =, AAAS =, AAAA
= GAAA =, aaAA =, aaad =, aaaa

Source: https://en.wikipedia.org/wiki/Controlled_grammar
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Language families

*  (PRa4) denotes the class of programmed grammars with e-free rules with
apearance checking.

*  [(PR&) denotes the class of arbitrary programmed grammars with apearance
checking.
* If the grammar is without appearance checking, the index ac is omitted.

* MAT), L(MAT:.) are the classes of matrix grammars with and without ¢-
free rules with apearance checking, respectively.

* LRCy), L(RCt) are the classes of random context grammars with and
without e-free rules with apearance checking, respectively.

* Theorem 1 [Dassow, Paun, 2012]:
The following relations hold:
L, € LPRa) = L(MATy) = L(RCy) c £1 and
L(PR%:) = L(MAT?s) = L(RC%) = Lo.
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L-system

°* A OL-system (non-interacting Lindenmayer system, or L-
system) is a triple G = (V, P, w), where
* Vis a finite alphabet,
* P s a finite set of context-free rewriting rules (or production
rules), and
* w € V*is the start state (or axiom or initiator).

* Foreverya € V,thereexistsarulea - x € P
(We say P is complete).

* Remark: For any symbol a € V, which does not appear on the left
hand side of a production in P, the identity production
a - alis assumed, these symbols are called constants or
terminals.
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L-rewriting

* Forwords zi, z; € V*, z: can be rewritten to z, regarding
G, denoted by z1=>2,, if z1 = aiaz . . . ar, Z2=XiX2 . . . X, for
somea - x; € P,1<i<r.

* Remark: As many rules as possible are applied
simultaneously. This differentiates an L-system from a
language generated by a classical formal grammar.
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L-system, generated language

* LetG=(V, P, w) be aOL-system. The language L(G)
generated by G is:
L(G) ={z € V*| w=*z}, where
=* |s the reflexive transitive closure of =.
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L-system, generated language

* Example: Let G = (V, P, w) be a OL-system, where
Vv =1{a},
P={a - a%, and
w = a.
Then L(G) = {a®*?"|i > 0}
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L-system, generated language

* Example (fractal, binary tree): Let G = (V, P, w) be a OL-system, where
v={0,1,1[]}
P = {1 — 11, 0 - 1[0]0}, and
w = 0.

It produces the sequence:

w=w,=0

Wy = 1[0]0

w, = 11[1[0]0]1[0]O

ws = 1111[11[1[0]0]1[0]0]11[1[0]0]1[0]O

This string can be drawn as an image o L 0§ <
by interpreting the symbols as follows:

0: draw a line segment ending in a leaf "
1. draw a line segment

[: push position and angle, turn left 45 degrees

]: pop position and angle, turn right 45 degrees
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Family of languages generated by OL-systems

* £(OL) denotes the family of languages generated by
OL-systems.
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EOL-systems

* An EOL-system (Extened OL-system) is a 4-tuple
G=(V, T, P, w), where G =(V, P, w) is a OL-system and
T is an alphabet of terminal symbols.

* Derivation =¢ (short =) and =* are defined similarly to
OL-systems.

* The language L(G) generated by G Is:
L(G)={z € T* | w=*2z}.

* (EOL) denotes the family of languages generated by
EOL-systems.
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EOL-systems, generated language

*  Example:
Let G = (V, T, P, w) be an EOL-system, where
V ={a, b},
T =1{b},
P={a - b,a - bb, b - b}, and
w = a.
Then L(G) = {b, bb}.
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DOL-systems

* A DOL-system (deterministic OL-system) is a OL-system, if
for every a € Vthere is exactly onerule a - x, x € V*.

* If the axiom is replaced by a finite language, then we obtain
OL-system (DOL-system) with a finite number of axioms,
denoted as FOL-system (FDOL-system).

* Remark: Since the set of production rules P of a DOL-system
G = (V, P, w) defines a homomorphism h : V - V*, the
notation G = (V, h, w) is also used.
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TOL-systems

* ATOL-system is an (n+2)-tuple G=(V, P4, ..., Pn, W),
n =1, where each G, = (V, P, w), 1<i<n,is a0OL-system.

* The language L(G) generated by G is:
L(G)={z € V*|W=ci1 W1=ci2. ..=6im Wn=Z,
1<i€£n,1</<m}.

* £(TOL) denotes the family of languages generated by TOL-
systems
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TOL-systems

* Example: Let G = (V, P;, P,, w) be a TOL-system, where
Vv ={a},
P.={a - a4}, P.={a - a’, and
w = a.

* ThenL(G)={a'|i=2"3", m,n = 0}.
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