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Abstract

A geometricspannerwith vertex setP � IRD is a sparseapproximationof
thecompleteEuclideangraphdeterminedby P. We introducethenotionof par-
titionedneighborhoodgraphs(PNGs),unifying andgeneralizingmostconstruc-
tionsof spannerstreatedin literature. Two importantparameterscharacterizing
their propertiesaretheoutdegreek � IN andthestretchfactor f � 1 describing
the ‘quality’ of approximation.PNGshave beenthuroughlyinvestigatedwith
respectto smallvaluesof f . We, on theotherhand,presentin this work results
aboutfeasablevaluesof k — soto saytheotherextreme.Theaimof minimizing
thisparameterratherthanthefirst onearisesfrom two observations:

a) It determinestheamountof spacerequiredfor storingPNGs.

b) Many algorithmsemployinga (previously constructed)spannerhave run-
ning timesdependingon its outdegree.

Our resultsinclude,for fixeddimensionsD aswell asasymptotically, upperand
lowerboundson this optimalvalueof k. Theupperboundsareconstructiveand
yield efficientalgorithmsfor actuallycomputingthecorrespondinggraphs.

1Partially supportedby EU ESPRITLong Term ResearchProject20244(ALCOM-IT) and DFG
GrantsMe872/7-1andMe872/4-1



1 Moti vation

Spannersallow for anefficient solutionto many geometricproblems.For givenfinite
setP � IRD, sucha graphG ��� P� E � approximatesthecompleteEuclideangraphup
to somefactor f 	 1. f -spannersenabledRaoandSmithto constructa FPTAS (Fully
PolynomialTime ApproximationScheme)for the EuclideanTravelling Salesperson
Problem[21]. Amongotherapplicationsareclosestpoint queries[25], motion plan-
ning [7], min-costperfectmatching[27] aswell asmany rangesearchingproblems
[1, 18].

For example,theobjectiveof acircular rangequeryis to reportall thosepointsp of P
lying within a circle of givenradiusr andcenterc. Having constructedan f -spanner
G for P � IRD of outdegreek, querieswith centersc 
 P canbe answeredin nearly
outputsensitive runningtime, i.e., ��� f km� independentof n ��
P 
 andm closeto the
numberof pointsreported[14].
More precisely, this kind of geometricsearchingproblemsoccurring in interactive
virtual reality animationsrequires� to have only a weakenedspanningproperty:The
‘radius’ of a pathfrom s to t, ratherthanits total length,needsbeingboundedby a
factor f � . In particular, every (strong) f -spanneris a weak f � -spannerfor some f � at
mostaslargeas f , usuallysubstantiallysmaller.

Spannersfor given P aremostfrequentlycomputedby an obvious generalizationof
proximity graphs [17]: Partition spaceIRD into k 
 IN convex conesC0 ��������� Ck � 1.
Then,from vertex p 
 P, draw directededges(arcs) to theclosestpointu j of � p � Cj ���
P; do this for j � 0 ����� k � 1. Theresultinggraphis calleda partitionedneighborhood
graph (PNG). Its propertiesstronglydependon the numberandshapeof the cones�
C0 ��������� Ck � 1 � � : � but alsoonthenorm ����� inducingthe(notnecessarilyEuclidean)

notionof ‘closest’: For disadvantageouschoices,this graphmaybeno spannerat all.
However, everyPNGG � � P� E � is sparsewith 
E 
�! kn �"��� n� , n : �#
P 
 andbenefits
from the simpleconstructionprinciple, numericalrobustness[2], fast computability
in optimal[6] time ��� n � polylogn� , andlocality propertiesthatallow for incremental
dynamicupdates[14].

Given D andsmall ε 	 0, sufficient conditionson � and �$�%� have beeninvestigated
in the literatureto ensurethat, for any pointsetP, the accordingPNG is an � 1 � ε � -
spanner, i.e., an approximationof this order. Indeed,many applications— like the
TSP-FPTAS mentionedabove — rely onε & 0.

On the other hand, thereexist caseswherethe outdegreek �'
(�)
 of G is of equal
importanceas its stretchfactor: Considerthe alreadymentionedrangequery with
runningtime proportionalto f � k. But even for algorithmsthat do not dependon k,
whenit comesto actuallyimplementingit, asmalloutdegreemaybemorecrucialthan
a small f .
Supposefor examplethatyou canchoosebetweena spannerGf * k of small f but high
outdegreek andoneof smalloutdegreek̃ but big stretchfactor f̃ , G f̃ * k̃. Thealgorithm
will run fasterwith Gf * k but thisgraphrequiresmorememoryandaccessto secondary
storage(e.g.aharddisk)beingabout1000timesslower. G f̃ * k̃ ontheotherhandentirely
fits into your computer’smainmemorysothatoverall it still outperformsGf * k evenif
f̃ is 500timesbiggerthan f !
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Wethereforeaimto determinetheminimalvalueof k (togetherwith its dependenceon
dimensionD) suchthatPNGsof thisoutdgreestill arespanners/weakspanners.Upper
boundson thisextremalproblemin combinatoralgeometryarenot only of theoretical
interestbut alsoyield efficientalgorithmsfor constructingsuchgraphs.

2 Definitions

2.1 Spanners

Fix dimensionD 
 IN andsomenorm 
+�%
 on IRD. Givena paths � p0 , p1 , ����� ,
pm � t from s 
 P to t 
 P � IRD in somegeometricgraphG �#� P� E � , thenumbers

f � p0 �������-� pm� : � m

∑
i . 1


 pi � 1 � pi 
0/1
 p0 � pm 
 (1)

f � � p0 �������-� pm� : � max
i . 1 2 2m 
 p0 � pi 
3/4
 p0 � pm 
 (2)

arecalledits stretch factor andweakstretch factor, respectively. An f -spannerfor P
is a graphwhich for all s� t 
 P containsa pathfrom s to t of stretchfactorat most f ;
Similarly for aweak f � -spanner...
Mind thatevery(strongly)connectedgraphtrivially comprisesan f -spannerfor some
f 5 ∞, simply by finitenessof P. But of course,the goal is to constructf -spanners
with f independentof P. Therefore,definegraphsforming a family �6�87 G � P� :
P � IRD finite 9 to be uniform f -spannersif eachG � P� is a f -spanner;andcall them
uniformspannersif f 5 ∞ existssuchthatthey areuniform f -spanners.Corresponding
notionswill beusedfor weakspanners.
Let us remarkthat,by topologicalequivalenceof any two normson IRD (Claim 5.5),
transitionfrom 
:�%
 to ; 
<��
 affects f by merelya constantfactor. In particular, thenotion
of ‘uniform spanners’doesnot dependon thechosennorm.

2.2 Partitioned NeighborhoodGraphs

To formalizePNGs,considersomefamily �=� � C0 � C1 ���>�?�
Ck � 1 � of convex conesforming a partition of IRD in the
sensethatit coversthewholespaceandis ‘almost’ disjoint:

k � 1@
j . 0

Cj � IRD � Cj � Ci � � 0 � A i B� j �
In this context, C � IRD is said to be a convex cone if
λ � u � v�C
 C for all u � v 
 C and λ 	 0. Accordingly,
we needa family D'� � d0 � d1 ��������� dk � 1 � of k normsd j.
Then, for finite P � IRD, the partitionedneighborhood
graphG �:�E�FD ;P�G�H� P� E � is definedby choosing,to each
vertex u 
 P and each 0 ! j 5 k, one neighbor v in� Cj � u�3� P I � u � � : Pj � u� nearestto u with respectto d j .

0

C0

C1

C2

C5

u+C0

u

v

v~

5v+C
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More precisely, theedgesE of G �:�E� ˜D ;P� aredefinedby threeconditions:A u 
 P A j : Pj � u�G� /0 JLK v 
 Pj � u� : � u � v�M
 E (3)� u � v�N�%� u � w�G
 E � v B� w �GO A j : v B
 Pj � u�PJ w B
 Pj � u� (4)� u � v�M
 E �GO K j : v 
 Pj � u�RQ A ṽ 
 Pj � u� : d j � v � u�S! d j � ṽ � u� (5)

To definethegreedypath from s to t in PNGG � � P� E � , considertheuniqueCj 
4�
suchthatt 
 s � Cj. Then,sincet 
 Pj � s�TB� /0, thereexists(3) at leastand(4) at most
onev 
 Pj � s� suchthat � s� v�U
 E. Takes , v asthefirst stepandrepeatfrom v to t.

2.3 Measuresof Distance

In thepreviousparagraph,proximity of two pointswasgaugedwith respectto some
normd j . But in fact,our considerationsdo not rely on its symmetryproperty. d j may
thereforebeamoregeneraldistancefunctiond : IRD &WV 0 � ∞ XY� IR which is

positively linear d � λv�E� λd � v� v 
 IRD � λ Z 0

nondegenerate d � v�[B� 0 IRD \ v B� 0

andconvex. d � u � v�S! d � u�]� d � v� u � v 
 IRD (6)

It is well known that suchmappingsuniquelycorrespondto thecompactandconvex
subsetsK of IRD with 0 in their interior: According to Claim 5.5, the unit sphere7 v 
 IRD : d � v�S! 1 9 is suchasetand,viceversa,K’ssocalledMinkowskyfunctional
µK fulfills thethreeconditionsabove,

µK � v� � inf 7 µ 	 0 : v/ µ 
 K 9 � min 7 µ Z 0 : µK \ v 9 �
For dealingwith caseswheretwo pointsv� ṽ 
 Pj � u� arebothclosestto u, we permit
thedistancefunctiond j to includea rule for breakingties, i.e.,a total (or linear) order
d̃ j � Cj ^ Cj thatextendsthepartialorder2 7�� u � v� : u � v 
 Cj � u � v J d j � u�U5 d j � v� 9
inducedby d j onCj in thesensethatA v� w 
 Cj : d j � v�M5 d j � w� �GO � v� w�)
 d̃ j �
By the axiom of choice,such d̃ j alwaysexists [26] and will be calledan extended
norm. Equation(5) thenhasto bereplacedby� u � v�M
 E �GO K j : v 
 Pj � u�CQ A ṽ 
 Pj � u� : � v � u � ṽ � u�S
 d̃ j (7)

2.4 Our goal

So,eachchoiceof � and ˜D#� � d̃ j : j � 0 �>�?� k � 1 � inducesa family�)�:�E� ˜D_�E� 7 G �:�E� ˜D ;P� : P � IRD finite 9
2 ` : acb�d u e vf : u e v g Cj e d j d u fih d j d vf<j is noorder:It violatesaxiom” d u e v f:ekd ve uf�g `ml u a v”...
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of graphswith outdegree 
(�)
 , andourgoalis to determine(for differentdimensionsD)
the leastvalueof k �H
n�U
 suchthat they constituteuniform spannersandtheir corre-
spondingstretchfactors:

k � D � : � min 7 k 
 IN 
oK[� disjoint partitionof IRD into k convex conesK ˜D collectionof k extendednorms (8)K f 5 ∞ A P � IRD finite : G �:�E�FD ;P� is f -spanner9
f � D � k� : � inf 7 f 	 1 
oK[� disjoint partitionof IRD into k convex conesK ˜D collectionof k extendednorms (9)A P � IRD finite : G �:�E�FD ;P� is f -spanner9

andk� � D � , f � � D � k � for uniformweakspanners,respectively.
Sinceany f -spanneris aweak f -spanneraswell, k��� D �U! k � D � and f ��� D � k �G! f � D � k�
areobvious,andchoosing̃k � k conesemptyproves f � D � k�MZ f � D � k̃� and f � � D � k�MZ
f � � D � k̃� wheneverk ! k̃.

3 Results

Therealreadyexist works which, in spite of focussingon f & 1, proved specific
choicesfor � and ˜D to yield partitionedneighborhoodf -spanners.In thatway, they
imply upperboundsonk � D � and f � D � k� . RuppertandSeidelfor exampleproved[23]:
3.1Theorem: Supposeevery C 
p� hasangulardiameter5 q-� C� : � sup 7 5 q-� a � b� : a � b 
 C 9 at mostθ 5 π / 3 � Consider
(arbitrarytotalextensiond̃ j of) thenormd j with unit sphere
depictedto theright. Then,for eachsteppm , pmr 1 of the
greedypath(seeabove) in G �:�E� ˜D ;P� from s � p0 to t � 0
has

0

Cj

dj
s

Cj+1

Cj−1

jd
Cj

tt pm

tt
2 � tt pmr 1

tt
2 Z u 1 � 2sin� θ / 2��XE� tt pmr 1 � pm

tt
2 (10)

Sincek � 7 equallysizedwedgesdo form sucha partition � in dimensionD � 2,
G �:�E� ˜D ;P� is anEuclideanf -spannersfor

f � 2 � 7�v! 1
1 � 2sin� θ / 2� ttt θ . 2π w 7 x 7 � 57� k � 2�M! 7

The tablebelow shows a compilationof suchresultsaswell asthe improved upper
boundspresentedin thispaper. Mind thatwe arethefirst to prove lowerbounds!
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dim reference bound bound

D � 2 Keil, Gutwin 1991 k � 2�M! 9 k � � 2�M! 9

Ruppert,Seidel1992 k � 2�M! 7 k � � 2�M! 7
f � 2 � 7�M! 7 � 57 f � � 2 � 7�M! 7 � 57

Fischer, Meyer a.d.Heide, k � � 2�M! 6
Strothmann’97 f �y� 2 � 6�M! 2

Fischer, Lukovszki,Ziegler1998 k �y� 2�M! 4
f �y� 2 � 4�M! 2 � 29

new k �y� 2�)Z 4 k �y� 2�G� 4

conjecture k � 2�G� 4

D � 3 Hardin,Sloane,Smith1994 k � 3�M! 20 k � � 3�M! 20
f � 3 � 20�E! 88� 1 f � � 3 � 20�U! 88� 1

new k � � 3�M! 8
f � � 3 � 8�M! 2 � 53

new k � � 3�)Z 5 k � � 3�MZ 5

D & ∞ Rogers1963 k � D �M! 2z${ D q k � � D �M! 2z${ D q
new k � D �MZ D � 2 k � � D �MZ D � 2

CombiningTheorem3.1with thefollowing resultfrom CodingTheorydueto Hardin,
Sloane,andSmith[16] impliesk � 3�M! 20 and f � 3 � 20�E! 88� 1:

3.2Theorem: Thereexistsacoveringof theunit sphere| 3 � IR3 with k � 20capsof
angulardiameterθ x 59� 25} .
For 60} ! θ ! 90} , greedypathsbe-
come unboundedlylong (see figure)
but remainof boundeddiameter. As
this may includethepossibility of cy-
cling infinitely withoutever reachingt,
it doesnotnecessarilyimply obtaining
a weakspanner. In fact, which of the
cones’boundariesareopenandwhich
onesclosedturns out a sophisticated
combinatorialchallengefor θ � 90} ;
similarly doestheparticularextension
of norm d j which is not arbitraryany
longer. The planar caseshave been
treatedin [14] and[12]:

s=v0 v1

t

v2
~

v3

v4

v5
v6

v7

v8

v10

v9

3.3Theorem: Let D � 2, k Z 7, and � consistof k consequtivewedges

Cj � �S� r cosϕ � r sinϕ � : r 	 0 � 2π
k

j ! ϕ 5 2π
k
� j � 1�-�U� j � 0 ����� k � 1 �
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Then,for ˜D asin Theorem3.1,G �:�E� ˜D ;P� is aweakEuclideanf � -spannerfor

f � ! max ��� 1 � 48sin4 � π / k��� � 5 � 4cos� 2π / k � � �
3.4Theorem: Let D � 2 and ��� � C0 � C1 � C2 � C3 � the four ca-
nonicalquadrantswith boundariesopen/closedasshown to the
right. Let ˜D#� � d̃0 �������-� d̃3 � , d̃ j arbitrarytotalextensionof

7�� v� w� : v� w 
 Cj ���
 v 
 ∞ 5�
w 
 ∞ � J ��
 v 
 ∞ �#
w 
 ∞ QH
 v 
 0 5�
w 
 0 � 9
0

i.e. thelexicographicalorderonCj inducedby v �&�u%
 v 
 ∞ �%
 v 
 0 X ,
 v 
 p ��� ∑
i


 vi 
 p � 1 w p � 
 v 
 ∞ � max
i

 vi 
�� 
 v 
 0 � min

i

 vi 


ThenpotentialfunctionΦ � s����u�
 s � t 
 ∞ � ϕ � s � t ��X , ϕ � x � y�E�#
 x � y 
 , strictly decreases
in eachstepof thegreedypath.
In particular, the latterdoesreacht with (not necessarilystrictly) decreasing
��N� t 
 ∞.
So, �)�:�E� ˜D_� areuniform weakspannersof Euclideanweakstretch

f � ! �S
 a � b 
 2 /�
 a 
 2 : 
 a 
 ∞ � 1 �#
 b 
 ∞ � � � 3 �4� 5 �
3.5Theorem: Given P � IR2, n : � #P, the graphG ���$� ˜D ;P� of Theorem3.3 can
be computedby sequentiallyperformingk sweepline algorithms,eachof time ��� n �
logn� . Thegraphof Theorem3.4canbecomputedin thesamemagnitudeof time.

Thefirst of our contributionsgeneralizesthis to 3D:

3.6Theorem: Let D � 3 andconsiderthe8 canonicaloctants.Turn theminto a par-
tition by includingeachof their commonboundariesto oneof themandexcluding it
from theothersin thefollowing way: � : ��7 C̄ι : ῑ 
 � ����� � 3 9 ,

C̄ι : � 7 q 
 IR3 � q B� 0 � f̄ � sgnqx � sgnqy � sgnqz�E� ῑ 9 (11)

for f̄ �#� fx � fy � fz� : � ��� 0 ��� � 3 & � ����� � 3, givenby f̄
tt�� r�*���� 3 � identityandotherwise

x 0 0 0 0 � � � � � � � � 0 0 0 0 � � 0
y � � � � 0 0 0 0 � � � � 0 0 � � 0 0 0
z � � � � � � � � 0 0 0 0 � � 0 0 0 0 0
fx � � � � � � � � � � � � � � � � � � �
fy � � � � � � � � � � � � � � � � � � �
fz � � � � � � � � � � � � � � � � � � �

Furthermore,be thepartial lexicographicalorderinducedby C̄ι
\ v �& u 
 v 
 ∞ �%
 v 
 1 X ex-

tendedto atotaloned̄ι. Then,G �:�E� ˜D ;P� hasweakstretchfactor2 with respectto 
+�%
 ∞
andEuclideanweakstretchf � ! � � 7 � � 33��/ 2.
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3.7Theorem: GivenP � IR3, n : � #P, thegraphG �:�E� ˜D ;P� of Theorem3.6 canbe
computedin time ��� n � log2 n� from 48sweepplanepasses.

Thelowerboundsmentionedareimmediateconsequencesof thefollowing two results:

3.8Theorem: In the planarcaseD � 2, no choiceof � and ˜D of sizek ! 3 makes�)�:�E� ˜Dv� afamily of uniformweakspanners,sincethereexistsP � IR2 ands� t 
 P such
thatnopathfrom s to t is presentatall.

3.9Theorem: In casesD Z 3, nochoiceof � and ˜D of sizek 5 D � 2 makes�U���$� ˜Dv�
a family of stronglyconnectedgraphs(andthusneitherof uniform weakspanners).
More precisely, inequalities k � D �)Z k � D � 1��� 1 and k � � D �SZ k � � D ��� 1 hold.

This doesnot rule out thepossibility to obtain(weak)spannersfor D � 3, k � 6. We
can,however, excludethechoiceof 6 convex conesarisingcanonicalyfrom thefaces

of a cube( }C andC denotetopologicalinterior andclosedhull of C, respectively):

3.10Theorem: Suppose�=��7U�C̄ι : ῑ 9 , ῑ ��� i � s�E
 � x � y� z�[^ � ����� � and}Cῑ � �C̄ι � Cῑ � C̄ι : ��7 q 
 IR3 � q B� 0 �%
 q 
 ∞ ! s ^ qi 9 �
Thento any collection ˜D of 6 extendednormsthereexistsP � IR3 suchthatG �:�E� ˜D ;P�
is notstronglyconnected.

4 Conclusions/OpenProblems

We presentedupperandlower boundsfor thenumbersk � d � andk � � d � , i.e., themin-
imally achievableoutdegreesuchthat partitionedneighborhoodgraphs(PNGs)still
form spannersandweakspanners,respectively.

Thenotionof PNGswe suggestedis very generalsincewe allow for arbitrary parti-
tionsof spaceinto convex cones.Furthermore,theneighborneedsnot be‘nearest’in
the Euclideansensebut with respectto any nondegenerateconvex distancefunction
d which may be differentfor eachconeandeven be equippedwith a rule for break-
ing ties betweenequallydistantpoints. In particular, mostexisting constructionsof
spannersarePNGs.

Wedonotaimto find theminimaloutdegreeof arbitraryspannersu this is well known,
anyway: 3. See[8] X but of thosewhich can be constructedin nearly linear time��� n � polylogn� . Our upperboundsare constructive and yield practicalalgorithms
of thisoptimaltimecomplexity. Weobtainedlowerboundsby proving thatfor smaller
outdegree,thecorrespondingPNGswill in generalbe not only of unboundedlength
anddiameterbut evendisconnected(animportantobservation,seebelow!).

This wasdoneby a new technicaltool which took careof the vastrangeof possible
choicesfor the distancefunctions. This allowedus to reducethe topologicalpart of
the problem. The remainingchallengeof consideringall partitionsof spaceinto k
convex coneswasstill difficult enough: finding so called cycles, a simultaneously
combinatorialandgeometricpropertyof a family of cones.
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For k �-� 2�S� 4, our boundsare tight. Concerningthe gapbetween4 and7 for k � 2� ,
we conjecturethat the actualvalueis 4, too. In orderto prove the appropriateupper
bound,greedypathsdo notsufficeany more.
In higherdimensions,webelievek � 3��� k� � 3��� 8 andk � D ��� k � � D ��� Θ u 2D X . PNGs
thenwouldhave theinterestingpropertythat� they areareeitherdisconnectedor� permitpathsof uniformly boundedlength.

Theothercases� unboundeddiameterand� boundeddiameterbut unboundedlength

could not occurby themselves. This is different for arbitrary families of geometric
graphs!

Apart from filling the remaininggapsby tighteningtheupperandlower bounds,an-
otherdirectionof researchseemspromising:Whathappensif thenotionof ‘closest’is
notdeducedfrom anextendednormd̃ but from anarbitrary totalorder � of coneC?
Evenin case� is requiredto becompatiblewith thecone’soperations” � ” and” � ” in
thesenseof [15], i.e.,

u � v� λ Z 0 � w 
 C �GO λ � u � λ � v Q u � w � v � w�
wehave no ideawhetherthisactuallyaffectsthevaluesk � d � andk � � d � or doesnot.

5 Proofsof lower bounds

For proving alowerbound,everychoiceof � and ˜D hasto betakeninto consideration.
Thefollowing importantresultallowsusto getat leastrid off thenorms:

5.1Definition: Be � acollectionof (notnecessarilydisjointneithercovering)convex
conesC � IRD. A cycleof � is a finite sequence� c0 � c1 ��������� cL � 1 � cL � c0 � of nonzero
pointscl 
 IRD suchthat

A l � 0 ����� L � 1 K C 
�� : 0 
 cl � }C Q cl r 1 
 cl � C (12)

5.2Proposition: Fix somepartition � of IRD into convex cones.Supposethereexists
subspaceSandnonzerovectorv 
 IRD suchthat��� : ��7 C � S: C 
c�E� v 
 C 9 (13)

containsa cycle. Thenfor anychoiceof extendednorms ˜D thereexistsP � IRD such
thatG �:�E� ˜D ;P� is notstronglyconnected.Herewe identify Swith IRD � , D � 5 D.
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Proof of Theorem 3.8: In casek � 3,

k � 1
∑
i . 0
5 q�� Ci �G� 360} �GO K i : 5 q-� Ci �)! 120} 5 180} �

The tangentline S at Ci through0 thereforeintersectspre-
cisely the other two cones. Choosev B� 0 from their com-
mon boundary. Identifying S with IRd, we have � � �7 �+� ∞ � 0����� 0 �F� ∞ �-9 with obviouscycle �<� 42�:� 42��� 42� .
In casek � 2,bothconesarehalfspaces.Choosev from their
boundaryandSperpendicularto v. Casek � 1 is trivial.

Ci

v

S

Ci

Proof of Theorem 3.10: Considerv ��� 1 � 1 � 1� .
S ��7 u 
 IR3 : u � v 9T�� IR2 viavectorspaceisometry 

x
y¡ �& ¢££¤ �¦¥ 1/ 2x �§¥ 1/ 6y� ¥ 1/ 2x � ¥ 1/ 6y� ¥ 2/ 3y

¨N©©ª
Thecollectionof cones� � inducedby � is shown to
the right; boundariesmaybeopenor closed.Now,
let 0 5 δ 5 30} arbitrary. Then,pointsũ � ṽ � w̃ 
 S,

0

u
« δ
¬

C(z,+)

~

C~ C~(y,+)(x,+)

v

w

ũ � �<� ¥ 2/ 3cosδ �F� ¥ 1/ 6cosδ � ¥ 1/ 2sinδ �F� ¥ 1/ 6cosδ � ¥ 1/ 2sinδ �
ṽ � �­� ¥ 1/ 6cosδ � ¥ 1/ 2sinδ ��� ¥ 2/ 3cosδ �F� ¥ 1/ 6cosδ � ¥ 1/ 2sinδ �
w̃ � �­� ¥ 1/ 6cosδ � ¥ 1/ 2sinδ �F� ¥ 1/ 2sinδ � ¥ 1/ 6cosδ ��� ¥ 2/ 3cosδ �

correspondingto

u � u cos� 30} � δ �N� sin� 30} � δ ��X
v � u cos� 150} � δ �N� sin � 150} � δ ��X 
 IR2

w � u cos� 270} � δ �N� sin � 270} � δ ��X
obviously form acycle � u � v� w� u� of � � .
5.3Claim: If C � IRD is convex, a 
 C, b 
 }C, thena � b 
 C.

Proof: Let an 
 C be a sequenceconvergent to a. b 
 }C, thereforeexists a ball B
aroundb suchthat B � C. For eachb̃ 
 B andeachn, an � b̃ 
 C by convexity and,
lettingn & ∞, a � b̃ 
 C. Thisprovesthatthewholeball a � B arounda � b lieswithin

C, soa � b 
 }C.

Proof: (Proposition 5.2) Be u c0 � c1 ��������� cL � 1 � cL � c0 X a cycle of � � , i.e., cl r 1 

cl �®u Cl � v ¯°X±� cl � Cl and � cl 
 }Cl . v 
 Cl , thereforet : � µv 
 Cl � IRD for any
µ 	 0. Applicationof Claim 5.3 to a � t, b ��� cl ensurest 
 cl � Cl ; cl r 1 
 cl � Cl ,
anyway. Now let d̃l 
 ˜D belongto Cl 
�� , dl thedistancefunctionwhich d̃l extended

10



to. Sincedl � cl r 1 � cl � is independentof µ anddl u t � cl X { � q! µdl � v�U� dl � cl �S& ∞ as
µ & ∞ (Claim 5.5),K λ 	 0 : A l � 0 ��������� L � 1 : cl r 1 � t 
 cl � Cl � dl u cl r 1 � cl XP5 dl u t � cl X
Letting P � � t � c0 ���>�?�>� cL � 1 � , nocl will thereforehave anarcto t in G �:�E� ˜D ;P� .
Proof of Theorem 3.9: Suppose�v��7 C0 ��������� Ck � 1 9 , ˜D���7 d̃0 ��������� d̃k � 1 9 for k 5
D � 2. ConsiderthecaseD � 3. SinceCk � 1 is convex, wecanfind atboundarypoint0
sometangenthyperplaneH not touchingCk � 1 otherthanin 0. Theintersectionswith
andrestrictionsto this � D � 1� -dimensionalsubspace

C�0 � C0 � H C�1 � C1 � H ����� C�k � 2 � Ck � 2 � H

d̃ �0 � d̃0
tt
H d̃ �1 � d̃1

tt
H ����� d̃ �k � 2 � d̃k � 2 tt H

thereforeform a partition � � of H �� IR2 into k � 1 5 4 convex conesanda family ˜D �
of extendednormsthereon.Now, takethecounterexampleP � IR2 from Theorem3.8
andplaceit ontoB � IR3: TheresultingPNGsaredisconnected.�
In casesD 	 3, employthesameargumentasinductionstep.

Attentive readersmight have remarkedthat in somedegenerate
cases,Ck � 1 may includeanglesaslarge as180} andbe closed.
Here,wecannotguaranteethetangenthyperplaneto beeven‘al-
most’ disjoint to Ck � 1. Fortunately, the subsequentClaim per-
mits a characterizationof theseparticularities!So if H with the
requiredpropertydoesnotexist, takev 
 Ck � 1, � v 
 Ck � 1. Sup-
posefirst that � v B
 Ck � 1. Then, to ε ��
 v 
²/ 2 	 0 we canfind
w 
 Ck � 1 suchthat 
w �³�<� v�-
]5 ε andin particularw not col-
inearto � v� v. PlaneV2 : � span

� � v� v� w� hasthe propertythat
C̃k � 1 : � V2 � Ck � 1 is a halfopenwedgeof 180} .

0

v

−v

Ck−1

w

Cl
~

~

S

V
 \ (C

   C
   )

2
 l

k−1
∪

~
~

−c

+c

Thepartition ˜�=�´7 C � V2 : C 
c� 9 inducedonV2 by � will thereforelook like to the
right: SinceC̃k � 1 is closedatv, theadjacentwedgeC̃l 
 ˜� mustform a nonzeroangle
(whereasthe onecontaining � v could perhapsbe nothingmore than a ray). Once
againreferto theClaimbelow to understandtheexistenceof a line Sthrough0 which
doesnot touchV2 IP� C̃l µ C̃k � 1 � . Pointsc B� 0 and � c on this line thenform a cycle�­� c ��� c �:� c� of � � �¶7 C � S: C 
 ˜�E� v 
 C 9 �´7 C � S: C 
·�E� v 
 C 9 �
Applicationof Proposition5.2completesthiscase. In case� v 
 Ck � 1, S: � span

�
v �

and �­� v��� v�F� v� similarly formsa cycle.

5.4Claim: BeC � VD � IRD convex, p 
 ∂C. Then,thereexists� eithera � D � 1� -dimensionalhyperplaneHD � 1 \ p suchthatHD � C � � p �� or v 
 VD suchthatp � v 
 C but p � v B
 C.
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Proof: W.l.o.g. p � 0 andpresume� v B
 C A v 
 C. Theclaim that
H with therequiredpropertiesexists is trivial for D � 1 andobvious
in dimension2 (seesketchto theright). Proceednow by inductionto
D � 1. Be q 
 C arbitrary. ConsidersomeD-dimensionalsubspace
VD � VD r 1 containingq. And considertheplaneV2 goingthroughq
and0 perpendicularto VD, i.e. V2 � VD is one-dimensional.
0 B
 C � V2 � : C2 is a convex set in V2 with 0 at is boundaryfulfill-
ing � v B
 C2 A v 
 C2. For this reductionto D � 2, a 1-dimensional
disjoint hyperplaneH1 (simply a line) through0 is alreadyknown to
exist. Now considertheprojectionof C parallelto this line ontoVD,

Π u H1 � VD;CX � 7 L � VD : L line throughc parallelto H1 � c 
 C 9 �
C

0

v

−v

H

0 B
 CD : � Π u H1 � VD;C XP� VD too is convex (sinceprojectionΠ u H1 � VD; ��X linearmap-
ping) and 0 a boundarypoint of CD (as Π is continuous). Furthermore,� ṽ B
 CDA ṽ 
 CD!
Indeed,be ṽ � Π � v� , v 
 C and � ṽ � Π � w�S
 CD, w 
 C. Be definitionof Π, linesA
andB throughv� ṽ andw��� ṽ, respectively, areparallelto H1. A, B andH1 thereforelie
on a commontwodimensionalsubspacẽV2. Line C � Ṽ2 throughv� w however is not
parallelto H1 u otherwiseΠ � v�G� Π � w�)X andsointersectsH1 in somepoint u which,
by convexity, containsto C aswell. But u 
 H1 � C contradictsthechoiceof H1 to be
disjoint toC.
Inductionhypothesisis thusapplicableto CD andsuppliesa � D � 1� -dimensionalhy-
perplaneHD � 1 through0 disjoint to it.
HD : � HD � 1 � H1 thenwill do thejob: Supposec 
 C � HD. Thenits projectionΠ � c�
will beon Π � C�]� HD � 1 contradictionthatHD � 1 is disjoint toCD.

5.5Claim: (TopologicalEquivalence)Be da anddb nondegenerateconvex distance
functionsonIRD. Thenthereexist realnumbers 0 5 λ 5 Λ 5 ∞ suchthatA v 
 IRD : λ � da � v� ! db � v� ! Λ � da � v�N�
Proof: Denotee{ i q the i-th canonicalunit vectorof IRD, i.e.,e{ i qj � δi j for 1 ! i � j ! D.

We startwith thecaseda �#
��N
 1 : v � ∑
i

vie{ i q �& ∑
i


 vi 
 . DefineΛ : � max
i

db u�¸ e{ i q X .
Then db u vX � db u ∑

i

vie{ i q X � db � ∑
i:vi ¹ 0 
 vi 
>�º� 1� e{ i q � ∑

i:vi » 0 
 vi 
>�+� 1� e{ i q �{ 6 q! ∑
i:vi ¹ 0db u%
 vi 
>�­� 1� e{ i q XG� ∑

i:vi » 0db u�
 vi 
>�<� 1� e{ i q X� ∑
i:vi ¹ 0 
 vi 
 db ui� e{ i q XE� ∑

i:vi » 0 
 vi 
 db u]� e{ i q X! ∑
i:vi ¹ 0 
 vi 
Λ � ∑

i:vi » 0 
 vi 
Λ � tt v tt 1 � Λ

12



This in turn impliesthatdb is continuous:Let v { n q asequencein IRD converging to v.

Then db u v { n q X � db u vX { � q! db u v { n q � vX ! Λ
tt v { n q � v

tt
1 & 0

and db u vX � db u v { n q X { � q! db u v � v { n q X ! Λ
tt v � v { n q tt 1 & 0 �

inequalities(*) comingfrom

db � a��� db � b�G� db � a � b � b��� db � b� { 6 q! db � a � b�3� db � b��� db � b�G� db � a � b�N�
Now considerthe unit sphere | D �o7 u 
 IRD : 
 u 
 2 � 1 9 � IRD � well known to
be compact.Continuousdb

tt�¼
D thereforeattainsits minimal valueλ̃ : � inf

u ½ ¼ D db � u� on

someu { 0 q 
·| D. db u u { 0 q XP� λ̃ � 0 contradictsthe nondegeneracy of db, thus λ̃ 	 0.
Thismeansthatfor arbitraryv 
 IRD, u : � v/�
 v 
 2:

db � v� � db u%
 v 
 2 � uX � 
 v 
 2 � db � u� Z 
 v 
 2 � λ̃ Z 
 v 
 1 � λ̃ � D

andthus,λ : � � D � λ̃ will do thejob.

In the generalcase,the above considerationsshow that we find λa � Λa andλb � Λb to
boundda anddb against
��¾
 1 in thesensethatλa 
��¾
 1 ! da ! Λa 
��N
 1 andλb 
��¾
 1 ! db !
Λb 
��¾
 1 � Λ : � Λb / λa andλ : � λb / Λa have therequiredproperty:

λb

Λa
da ! λb 
��¾
 1 ! db ! Λb 
��¾
 1 ! Λb

λa
da

5.6Remark: If C is not closed, | D � C is not compact.
Claim 5.5 thereforedoesnot hold if the distancefunction
is definedonly on a convex coneC � IR2. Thefigure to the
right depictstheunit sphereof suchad : C & IR whichcan-
notbeboundedfrom above by 
��N
 2. 0 C

{ v:d(v)  1}≤

But evenin caseC is closed,thereexist counterexamplesas
illustratedto the right: Be C � IR3 with circular crosssec-

tion. For v 
 }C, let d � v�E� 
 v 
 2. For boundarypointsv 
 ∂C,
denoteϕ � v�Y
 V 0 � 2π X the angleaccordingto the drawing.
Thendefine

d � v�G� Λ u ϕ � v� X �¾
 v 
 2 � Λ � ϕ �E� 2π
2π � ϕ

�

ϕ

0

C

S
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a

b

a+b

0

b a

a+b

It is importantto observe that d indeedfulfills triangle in-
equality(6) on wholeC: This is dueto the fact that points
on theboundaryof sphereS (thecrosssectionof C) cannot
berepresentedassumof two otherpointsin S.
As a consequence,convex d : C & IR possessesin general
no convex extensionto thewholespaceIRD!

ConcerningClaim5.3,theprerequisiteb 
 }C is crucial,too:
For a 
 C andb 
 C, a � b in generaldoesnot lie in C any
more!
To thisend,considerC � IR3 with triangularcrosssectionas
sketchedto theright. Pointsa andb areon thesamefaceof
C, but a lies in theopenpartof it. And sodoesa � b.

6 Constructing PNGs

Proof of Theorem 3.5, first part: Fix j . We will describean algorithmto compute
thosearcs � u � v� of G �:�E� ˜D ;P� with v 
 Pj � u� . According to Equation(5), it then
sufficesto repeatthisprocessfor each j � 0 � 1 ��������� k � 1.

For notationalconvenience,be the coordinatesystemsuch
thatthesymmetryaxisof Cj coincideswith thex-axis.Then
d j � u�T� ux for u 
 Cj , as a look to the unit sphereof d j

depectedin Theorem3.1 reveals. Sort the points of P in
ascendingorderwith respectto their x coordinate— time��� nlogn� — andlet theverticalsweepline L proceedfrom

0 v:d (v)  1{ ≤  }j

Cj

left to right. WemaintainadatastructureS for storingall thoseu 
 P lying on theleft
of L whichhave notyet got aneighborv 
 u � Cj .

Whenever L hits a vertex p 
 P, we will insert p to S, querythedatastructureabout
all q 
 Ssuchthat p 
 q � Cj, createaccordingedges� q � p� , andremove q from S: p
indeedis closestto q. For, supposed j � p̃ � q�E� p̃x � qx 5 px � qx � d j � p � q� . Then
the line which sweepsP in increasingorderof x would have hit p̃ beforep, thereby
having providedq with anedgeandremovedit from S, a contradiction.
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Take as S somerealizationof a dynamicsortedar-
ray of m elements(e.g.,a balancedbinary tree)sup-
portingoperationsLOCATE, INSERT, andDELETE in
(amortized)time ��� logm� .
Each of the n points p 
 P is insertedexactly
once, hence m ! n, adding to a total time for
insertions of ��� nlogn� . After any of the n in-
sertion, the above algorithm performs a query of��� logm�U�¿��� #elementsreported� , summing up to
another ��� nlogn�G�À�Y� n� . And finally, q 
 P gets
deletedatmostonce: �Y� nlogn� .
Verticesu whichstill arein Safterthesweepinghave
Pj � u�G� /0 andremainwithoutoutgoingedge.

Let us now explain how to answer the two-
dimensionalconestabbingqueriesQ � p�S� 7 q 
 S :
p 
 q � Cj 9 requiredabove by meansof the one-
dimensionallyordereddatastructureS. To thisend,

p

L

q+

Π
Á

 (q )− +

Π
Á

 (q )++

Π
Á

 (q )− −

Π
Á

 (q )+ −

q−

Π
Á

 (q )+0
Âq +Cj+

q

q +Cj−

betheelementsof Ssortedwith respectto theiry-coordinates,i.e.,theprojectionΠ0 � q�
of p parallelto thex axisonto thesweepline. Π0 hastheadvantagethat is doesnot
changewhile the sweepline movesandthuscanbe maintainedby datastructureS.
Thelattertwo, on theotherhand,do changebut they permitto solve thequery

Q � p�G� 7 q 
 S: Π � � q�M! Π � � p� 9 � 7 q 
 S: Π r � q�MZ Π r � p� 9
asfollows:� Find thebiggest(w.r.t. Π � ) q 
 Swhich is still smallerthanp. Call thisqr .� Find thesmallest(w.r.t. Π r ) q 
 Swhich is still biggerthanp. Call thisq � .� Reportall verticesq 
 Sbetweenqr andq � (w.r.t. Π0 ).

Performinga binarysearchwith respectto oneorderwithin itemssortedwith respect
to anotherusuallyfails badly. Here,on thecontrary, Claim 6.1guaranteesthat it does
work. The first two stepscan thereforebe performedin ��� logm� and the last one
indeedreturnstheelementsof Q � p� in outputsensitivetime.

6.1Claim: With notionsasabove, C Ã � 0 � , the ordersinducedby Π � andΠ r are
weakerthantheoneinducedby Π0 in thesensethatfor q � q̃ 
 S,

Π0 � q�M! Π0 � q̃� �GO Π � � q�M! Π � � q̃� Q Π r � q�S! Π r � q̃�
Π0 � q�MZ Π0 � q̃� �GO Π � � q�MZ Π � � q̃� Q Π r � q�SZ Π r � q̃�

Proof: We consider ! and supposeΠ0 � q�Ä! Π0 � q̃� but
Π r � q�G	 Π r � q̃� . Fromthedefinitionof Π0 andΠ r ascenter
andupperboundaryof C, this implies q̃ 
 q � C. But then,
q 
 Swouldhave receivedtheneighborq̃ andbeenremoved
from S at that very momentwhensweepline L hit q̃ — a
contradiction.

q q~

L
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Proof of Theorem3.5,secondpart: ConstructingthePNGof The-
orem 3.4 is more difficult for threereasons:Formerly, we could
(within Cj ) identify the line shapedboundaryof thedistancefunc-
tion’s unit spherewith the sweepline andthereforein orderof in-
creasingd j processall verticesin onepass.

q

p

p2

1

C/2

L

C/2

This time, two linesareneededto cover thatboundary. Therefore,divide thequadrant
alongits diagonalaxis: Within eachpartC/ 2, d j now hasonly onesegmentboundary
andcanbetreatedasbefore. The resultinggraphtemporarilyhasoutdegree8, but a
subsequent�Y� n� processingwill comparefor eachu its two neighborscorresponding
to thetwo partsof C andkeeponly thatarcto thecloserone.

Theotherproblemto obey is theboundaryof quadrantC andwhetherit is belongsthe
theconeor not. Thiscanbetakencareof by choosingqr biggestbut smalleror equal
in theabovealgorithmandq � correspondingly.

And third, the tie-breaking-rule(total order)mustbe appliedin casetwo pointsare
equallyclose.Thelattercomesinto play whenthesweepline simultaneouslyhits two
(or more) verticesp1 and p2: Eachq 
 Q � p1 ��� Q � p2 � requiresto decidewhich of
 p1 � q 
 0 and 
 p2 � q 
 0 is smallerandcreateeitherarc � p1 � q� or � p2 � q� accordingly.
Luckily, thequadratictimefor comparingeachp 
 L to eachq 
 Q � p� canbereduced:
W.l.o.g.considerthelowerC / 2, theupperonebeingsimilar. Now, if thequeriesQ � p�
for differentp 
 L areprocessedin increasingorderof py, thiswill automaticallyobey
the 
��N
 0 condition!
Indeed,theshapeof C / 2 impliesthatqy ! py for eachq 
 Q � p� . Furthermore,
 v 
 0 �
min 7 
 vx 
��%
 vy 
>9C�¶
 vy 
N� vy for v 
 C/ 2. Together, this yieldstt p2 � q

tt
0 � p1 * y � qy 5 p2 * y � qy � tt p2 � q

tt
0 for p1 � p2 
 L � p1 * y 5 p2 * y �

Proof of Theorem 3.7: Like in the two dimensionalcase,our algorithmwill work
in phases,onefor eachconeC 
4� of thecovering to computethosearcs � q � p� with
p 
 C � q. Insteadof asweepline L, wewill employaplaneH, sweepingtheelements
of P in orderof increasingx-coordinate.
Again,we have to subdivideeachconeC in sucha way that
within eachpart, the distancefunction’s unit spherehasa
planarboundary, i.e., d

tt
C is a projection. To this end,cut

octantC � C{ r�* r�* r q into threecongruentsubconesC / 3 �7 v 
 C : vy ! vx Q vz ! vx 9 sketchedto theright. 0 x

And again,too, the rule 
N�-
 1 for breakingties in caseH simultaneouslyhits several
verticesp1 � p2 will automaticallybefulfilled if theseareprocessedin orderof increas-
ing py � pz. Put differently, let H sweepP sortedlexicographicallywith respectto� x � y � z� .
It now remainsto find a dynamicdatastructureS for efficiently answeringthedimen-
sionalconestabbingqueriesQ � p�M�o7 q 
 S : p 
 q � C/ 3 9 . Unfortunately, thereis
no threedimensionalanalogonto Claim 6.1: DenoteΠ r � q� the projectionof q par-
allel to theupperboundaryplaneof C/ 3 ontosweepplaneH, i.e. thehorizontalline
H ��� q � ∂ r C/ 3� andcorrespondinglyΠ � � q� for thelowerboundary.
Then thereexist pointsq � q̃ suchthat Π r � q�[5 Π r � q̃� , Π � � q�[	 Π � � q̃� but neither
q 
 q̃ � C nor q̃ 
 q � C: Takethetwo-dimensionalexamplesketchedin Claim6.1and
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choosethe third coordinatesof q and q̃ so very differentthat they do not lie in each
other’sconeany more!

We will give it anothertry andanalyzetheapplicabilityof rangetrees[1]: Thesedy-
namicdatastructurescanefficiently answerD-dimensionalorthogonalrangequeries
parallelto theaxises7 q 
 S : ai ! qi 5 bi � i � 1 �������-� D 9 � S � DÅ

i . 1
� ai � bi �#� : S �ÆV a � bX

in time �¦u logD mXG�R��� #elementsreported� . Now considerthefour facesof C/ 3 and
theplanesthey lie in. Be u { 1 q � u { 2 q � u { 3 q � u { 4 q their normalvectors,orientedin direction
of C/ 3, that is

u { 1 q �#� 0 � 0 � 1� lowerboundaryplaneof C/ 3
u { 2 q �#� 1 � 0 ��� 1��/i� 2 upperboundaryplaneof C/ 3
u { 3 q �#� 0 � 1 � 0� front boundaryplaneof C/ 3
u { 4 q �#� 1 ��� 1 � 0��/ � 2 backboundaryplaneof C/ 3

Assignto eachvertex p 
 P the4-tuplep� of its distancesto theseplanes

p� � � ∑
i

piu { 1 qi � ∑
i

piu { 2 qi � ∑
i

piu { 3 qi � ∑
i

piu { 4 qi
�

andobserve thatv 
 C/ 3 if andonly if v� 
 V � 0 � 0 � 0 � 0�N�%� ∞ � ∞ � ∞ � ∞ � X . Thus,

q 
 Q � p� Ç q 
 S ��� p � C/ 3� Ç q� 
 S� �ÆV-� p� �%�<� ∞ ��� ∞ ��� ∞ ��� ∞ �F��XÈ�
So,a four dimensionalrangetreeS� canbeemployedto answerthequeryQ � p� . This
givesa sweepplanealgorithmof time complexity ��� nlog4 n� — two magnitudesof
logn slowerthanclaimed.

Onefactorcanberemovedwith thewell known fractionalcascadingtechnique[5, 19].
For the otherone,onceagainsubdivide the coneC/ 3 by triangulatingits quadratic
crosssection:Thetwo resultingC/ 6 will have only threeboundaryplanes.Hence,q�
andS� arethreedimensionalinsteadof four.

6.2Scholium:3 Be � a partitionof IRD into k convex conesand D a family of norms
d j , j � 0 �������-� k � 1. Supposethateachd j equalsthemaximumof finitely many pro-
jectionsor, equivalently, its unit sphereis polyhedral.
ThenCj canbesubdividedinto δ j 5 ∞ subconesCj / δ j suchthatfor eachone,� its crosssectionformsa � D � 1� dimensionalsimplex� and d j

tt
Cj w δ j

is aprojection.

Furthermore,graphG �:�E�FD ;P� canbe computedfrom input P � IRD of sizen � #P

from performing
k � 1
∑
j . 0

δ j sweephyperplanepasses,eachof time �¦u n � logD � 1 nX��
3A scholiumis a corollarynot to a theorembut to a proof ÉÊÉkÉ
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7 Proof of Theorem3.6

We begin with a

7.1Remark: concerningthe mapping f̄ :
� ��� 0 ��� � 3 & � ����� � 3 and its higher di-

mensionalgeneralizations:This representsa convinient way of specifyingfor points
that arecommonto the boundaryof several octants u in general:hyperquadrantsC̄ι,
i 
 � ����� � D X to which one it belongs,therebyturing the covering into a partition.
Eachpossibleargumentk̄ 
 � ��� 0 ��� � D assignsto a wholefaceor subface

Fk̄ � 7 u 
 IRD : sgnu � k̄ 9 � sgn� u1 �������-� ud � : �#� sgnu1 ��������� sgnud �N�
onehyperquadrantCf̄ { k̄ q . Denote#0k̄ � Card

�
i � 1 ������� D : ki � 0 � , thenFk̄ hasdimen-

siond � #0k̄.

Alas, not every f̄ is admissiblefor this purpose:The d-dimensional(improper)face

Fk̄ � }Ck̄, k 
 � ����� � D mustof coursebemappedto Ck̄.
And for examplein two dimensions,faceF{ r�* 0 q — thepositive x-axis— maynot be
assignedto the upperleft quadrantC{ �Ë* r q sinceit doesnot belongto its boundary:
f̄ �º��� 0� mustbeeither �º���F�±� or �­�����P� . This indicatesthatonly zerocomponentsof
argumentsareto bemodified.Thenon-zeroones,f̄ mustleave unchaned:

ki B� 0 �GO fi � k̄�G� ki (14)

As ageneralizationto thiswerequirethat,if a faceFk̄ is mappedto onehyperquadrant
Cī thenall facesFl̄ lying w.r.t. inclusionbetweenFk̄ andCī areso,too:

s : � fi u k̄X �GO f̄ u k̄ � i � sXS� f̄ u k̄ X (15)

with notation u k̄ � i � sXÄ�Ìu k1 �������y� ki � 1 � s� ki r 1 ��������� kd X . Condition (15) for example
saysthat if the positive x-axis F{ r�* 0 * 0 q belongsto C{ r�* r�* r q it is not allowedto assign
thexz-planeF{ r�* 0 * r q (the relative topologicalclosureof which F{ r�* 0 * 0 q belongsto) to,
lets say, C{ r�*²�Ë* r q . In our proof of Theorem3 � 6, this kind of sub-/facecompatibility
conditionwill ensurethe monotony of potential function ΦF to hold not only on a� D � 1� -dimensionalfaceF but alsoon its boundary, conferLemma7.3.

Now eachf̄ fulfilling theaboveconditions(14)and(15)inducesapermissiblepartition� of spaceinto hyperquadrantsandviceversa.But � mustalsobesuchthatit produces
(weak)spanners.A necessaryconditionto this is, accordingto Proposition5.2, that
not � � containsa cycle of length2. We claim that the latter is equivalentto f̄ being
antisymmetric:

f̄ u3� k̄ X1�Í� f̄ u k̄ X A k̄ 
 � ��� 0 ��� � D � k̄ B� 0̄ � (16)

You will easilyverify that the f̄ we proposedfor D � 3 indeedcomplieswith all the
above conditions.This canalsobeseenfrom its formularepresentation(18) on page
24. On theotherhand,absenceof 2-cyclesis only necessary:Our proof that � does
yield weakspannersbeginswith Lemma7.3.

7.2Claim: Thefollowing areequivalent:
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a) For eachi � 1 ������� D, s 
 � ����� � does � � asinducedby � , v �H� 0̄ � i � s� , S ��
u : ui � 0 � accordingto Equation(13) in Proposition5.2, containno 2-cycle� a � b � a� .

b) For eachi � 1 ��������� D, s 
 � ����� � , k̄ 
 � ��� 0 ��� � D,

f̄ u�� k̄ � i � 0XÀB� f̄ ui� k̄ � i � sX J f̄ u]� k̄ � i � 0XÎB� f̄ u]� k̄ � i � sX
c) f̄ is antisymmetricin thesenseof (16).

Proof:

”c O a” : Takei, s andsupposethat � a � b � a� is a cycle of � � , that is thereexist Ā � B̄ 
� ����� � D suchthat v 
 CĀ � CB̄, a � b 
 S,

0 
 a � u CĀ � SX } � CĀ � b 
 a � CĀ � 0 � a 
 b � CB̄ �
The first implies Ai � s � Bi. The latter, by definition of C̄ι in Equation(11),
requiresĀ � f̄ u sgn� b � a��X andB̄ � f̄ u sgn� b � a��X . Due to prerequisite(16),
Ā �¿� B̄ andin particulars � Ai �¿� Bi � s, acontradiction.

”a O b” : Given i, s, and k̄. Without lossof generality, ki � 0. Let v : �¶� 0̄ � i � s� ,
S �´7 u 
 IRD : ki � 0 O ui � 0 9 , a : �H�+� k̄ � i � 0�T
 S \ �º� k̄ � i � 0�M� : b, Ā �
f̄ u � k̄ � i � sX , B̄ � f̄ u � k̄ � i � sX . Notethatv 
 CĀ � CB̄ asAi � s � Bi. Suppose
b) doesnothold. Then

Ā � f̄ u k̄ � i � sX { � q� f̄ u k̄ � i � 0XT� f̄ u sgn�<� a��XS� f̄ u sgnÏ ÐNÑ Ò� b � a�. 2k̄

X
andhenceb � a ��� a 
 CĀ. SinceS is of dimensiond � #0k̄, it evenevenfollows
that � a 
1� CĀ � S� } . Similarly, a � b 
 CB̄, � b 
§� CB̄ � S� } . So, � a � b � a� formsa
2-cycleof � � in contradictionto a).

”b O c” : Supposethatcomponentfi is notantisymmetric.Fromall k̄ with fi u � k̄ X �
fi u�� k̄X takeoneof minimal #0, i.e., theleastnumberof zeros.Since

ki B� 0 �GO � ki
{ 14q� fi u � k̄X { � q� fi u � k̄X { 14q�Ó� ki �

necessarilyki � 0. Sets : � fi u � k̄ X � andverify

fi u�� k̄ � i � 0XS� fi u�� k̄ X�� s { 15q� fi ui� k̄ � i � sX
and fi u]� k̄ � i � 0XS� fi u]� k̄ X { � q� fi u�� k̄ X�� s { 14q� fi uË� k̄ � i � sX

Thiscontradictsb) unlessthereexists j B� i suchthat

f j u�� k̄ � i � 0XÔB� f j u�� k̄ � i � sX J f j u]� k̄ � i � 0XÔB� f j u]� k̄ � i � sXÈ�
Againnecessarilyk j � 0. This time,sets̃ : � f j u�� k̄ X .
In casef j is not antisymmetricfor this k̄ either, we will find a third component
j̃ different from i and j suchthat k j̃ � 0, andso on. This processobviously
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terminatesafterat mostD steps,simply becausethentherearenot components
left: k̄ � 0 in contrastto the prerequisiteof Equation(16). So without lossof
generalitybe f j antisymmetric:

f j u3� k̄ � i � 0 � j � 0X�� f j u]� k̄ X��®� f j u�� k̄XT�#� f j u�� k̄ � i � 0 � j � 0XS�®� s̃�
�GO fi u�� k̄ � j � s̃� i � 0X { 15q� fi ui� k̄ X�� s �� s { � q� fi u � k̄X � fi u � k̄ � j � 0 � i � 0X { 15q� fi u � k̄ � j �®� s̃� i � 0X �

fi is thereforenot antisymmetricat argument � k̄ � j � s̃� , neither. But #0 � k̄ � j �
s̃�U� #0k̄ � 1 contradictstheminimality of k̄.

7.3Lemma: Given � , ˜D as in the prerequisitesof Theorem3.6, s 
 P andw.l.o.g.
t � 0 
 P, 
 s
 ∞ � 1. Thegreedypathin G ���$� ˜D ;P� from s to t hasnonincreasing
��N
 ∞.
And, while stayingon onefaceF of this cubeQ : �¶7 p : 
 p 
 ∞ ! 1 9 , it is evenstrictly
decreasingwith respectto somepotentialfunctionΦF . More precisely, bea , b one
greedystepand 
 a 
 ∞ � 1 �#
 b 
 ∞. Then

ax �Î� 1 � bx �GO �­� by �F� bz�M5Õ�º� ay �F� az �SZ�� 0 � 0�
ay �Î� 1 � by �GO �­� bz �F� bx �M5Õ�º� az �F� ax �SZ�� 0 � 0�
az �Î� 1 � bz �GO �­� bx �F� by �M5Õ�­� ax �F� ay �SZ�� 0 � 0�
ax �¿� 1 � bx �GO �<� by ��� bz�M5Õ�+� ay ��� az �SZ�� 0 � 0�
ay �¿� 1 � by �GO �<� bz ��� bx �M5Õ�+� az ��� ax �SZ�� 0 � 0�
az �¿� 1 � bz �GO �<� bx ��� by �M5Õ�<� ax ��� ay �SZ�� 0 � 0�

7.4Lemma: Thegreedypathwill atmostoncechange4 to a differentface

F̄ι � 7 q 
 IR3 : 
 q 
 ∞ � 1 � sgn� qi �E� s9 � ῑ �#� i � s�U
 � x � y� z�[^ � ����� �
of Q. More formally, supposea , b , c , d aresubsequentstepsof this pathwith
a � b � c 
 ∂Q, a B
 F̄ι, b 
 F̄ι. Then 
 d 
 ∞ 5 1.

Proof of Theorem 3.6: Denote Ö additionmodulo3. Within eachfaceF{ i * sq , the
potentialfunction

Φ { i * sq � v�G�ou%
 v 
 ∞ � s � vi × 1 � s � vi × 2 X lexicographically

strictly decreases.Theonly ‘escape’— changingto anotherface— canoccuratmost
once.Thegreedypaththusfinally doesreacht andremainsin Q. This impliesaweak
stretchfactorof 2 w.r.t. 
��N
 ∞, andtheEuclideanweakstretchfacteris atmost

f � � � 
 a � b 
 2 /�
 a 
 2 : 
 a 
 ∞ � 1 � 
 b 
 ∞ � � (17)

4Mind thatF̄ι is relatively closed.Therefore,changingcanmean”enteringnew, thenleaving old one”
in two steps,or ”alreadylying in two faces;leave one,thenenteranother”,or in onestep”leaveold and
enternew”.
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Equivalenceof norms(c.f. Claim 5.5) 
 a 
 ∞ !#
 a 
 2 ! � D 
 a 
 ∞ implies f �P! 2� 3, but
this boundis not tight. For a betterone,squareboth sidesof (17) andnotethat, for
symmetryreasons(simultaneouslypermutingor invertingcomponentsof a andb), the
maximumis w.l.o.g. attainedin az �®� 1, 0 ! ax � ay ! 1. The extremal locationof
b is thus b ���<� 1 ��� 1 ��� 1� and ax � ay. It thereforeremainsto maximizethe one
parameterfunction� 0 � 1� \ λ �& 
 a � b 
 22
 a 
 22 ttttt a . { λ * λ * 1 q

b . { � 1 *�� 1 *�� 1 q � 1 � 4λ � 5
2λ2 � 1

via highschoolcalculus,obtainingλ0 ���+� 5 � � 33��/ 4 and f �T� � � 7 � � 33��/ 2 x
2 � 524.

7.5Scholium: Supposethat f̄ :
� ��� 0 ��� � D & � ����� � D is admissiblein thesenseof

Equations(14), (15),(16)and ˜D a family of 2D total ordersextendingthe norm 
��-
 ∞
suchthatin G �:�E� ˜D ;P� , greedypathsvisit no vertex morethanonce.
ThenthisgraphhasEuclideanweakstretch

f � ! ØÙÙÙÚ max
0 Û λ Û 1 tt a � b

tt 2
2tt a tt 22 ttttt a . { λ * 2 2 2?* λ * 1 q

b . { � 1 * 2 2 2?*²� 1 *�� 1 q� 1 � 2 � d � 1� λ � d � 2
1 �³� d � 1� λ2

tttt
λ . u � d { d r 8 q � d � 2 X w 2 { d � 1 q� ¥ d � d � 8��� 4 � d¥ d � d � 8��� 2 � d Ü � d

7.6Claim: Let a � b 
 IR3 I � 0 � , a B� b and � as in (11). Thereexists C 
R� with
0 
 a � C andb 
 a � C if f for eachi � 0 � 1 � 2 oneif thefollowing holds:

a) ai ��u sgnai × 1 � sgnai × 2 XYZ=� 0 � 0�ÍQ � bi � ai ����u sgnai � sgnai × 1 � sgnai × 2 XP!¿� 0 � 0 � 0�
b) ai ��u sgnai × 1 � sgnai × 2 XY5=� 0 � 0�ÍQ � bi � ai ����u sgnai � sgnai × 1 � sgnai × 2 XP5¿� 0 � 0 � 0�
whereinequalitiesareto beunderstoodwith respectto lexicographicalorderandmul-
tiplication performedcomponentwise.

7.7Claim: Let a , b bea greedystep, 
 a 
 ∞ � 1.

a) 
 a � b 
 ∞ ! 1. 
 a � b 
 ∞ � 1, then 
 a � b 
 1 !Õ
 a 
 1.
b) az B� 1, bz � 1. Thenaz � 0, 
 ax � bx 
F�Ô
 ay � by 
�!�
 ax 
F�Ô
 ay 
�� 1.

c) az � 1, � 1 5 ax 5 0, 0 B� ay B��� 1. Then 
 b 
 ∞ 5 1.

d) az � 1, � 1 ! ax 5 0, 0 5 ay 5 1. Then 
 b 
 ∞ 5 1.
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Thesameholdsfor coordinates� x � y� z� exchangedwith � y� z� x� , � z� x � y� , �+� x ��� y��� z� ,�<� y��� z��� x� , �<� z��� x ��� y� .
Proof of Lemma 7.4: SinceClaim 7.6 andClaim 7.7 are invariantundercyclic
permutationandinversionof coordinates,we mayassumewithout lossof generality
that ῑ �Ý� z�F�±� , bz � 1. According to Claim 7.7b), az � 0. Considerthe 25 cases
ax � ay 
 � � 1 � ���<� 1 � 0�Þ� � 0 � ��� 0 �F� 1��� � � 1 � :

a) � 1 5 ax 5 0, 0 5 ay 5 1 contradictsa 
 ∂Q.

b) � 1 5 ax 5 0, ay � 0; � 1 5 ax 5 0, � 1 5 ay 5 0; ax � 0, 0 5 ay 5 1;
ax � 0, ay � 0; ax � 0, � 1 5 ay 5 0; 0 5 ax 5 1, 0 5 ay 5 1; 0 5 ax 5 1,
ay � 0; 0 5 ax 5 1, � 1 5 ay 5 0 similarly.

c) ax � 1, ay �¿� 1:
a , b greedy, soby definition K C 
·� : b � 0 
 a � C. Sinceaz �¾� sgnax � sgnay �E�� 0 � 0� , casea) of Claim 7.6for i � 2 implieslexicographically:� 0 � 0 � 0�EZ�� bz � az ���N� sgnaz � sgnax � sgnay �U� � 0 � bz � az � az � bz �
Thereforebz ! az, acontradiction:this casedoesnot occur.

d) ax � 1, � 1 5 ay 5 0; ax � 1, ay � 0; ax � 1, 0 5 ay 5 1; ax � 1, ay � 1;
0 5 ax 5 1, ay � 1; 0 5 ax 5 1, ay �®� 1; ax � 0, ay � 1 don’t either.

e) ax �®� 1, ay ��� 1:
This time, caseb) of Claim 7.6 for i � 1 holds,ensuringby 5 ay � 1. Further-
more,by Claim 7.7a),1 � by !¿
 ay � by 
�!¿
 a � b 
 ∞ ! 1. Similar applicationof
Claim7.6for i � 0 yields0 Z bx 	Î� 1. Thusu 1 �§
 bx 
²XG�"u 1 �§
 by 
²XT�#
 ax � bx 
F�Ô
 ay � by 
�!�
 ax 
F�Ô
 ay 
�� 1 � 1 �
theinequalitycomingfrom Claim 7.7b). Hence 
 bx 
<�ß
 by 
ÈZ 1. As we already
know 
 bx 
��%
 by 
�5 1, thismeansbx B� 0 B� by, therebyproving

bz � 1 � � 1 5 bx 5 0 � 0 5 by 5 1 �
Putthis into Claim7.7c)to see: 1 	�
 c 
 ∞ Z�
 d 
 ∞ �

f) � 1 5 ax 5 0, ay ��� 1:
Again,Claims7.6and7.7b)saybz � 1, � 1 5 bx 5 0, 0 5 by 5 1, so 
 c 
 ∞ 5 1.

g) ax �®� 1, ay � 0:
By � bx � 1���"
 by 
0! 0 (Claim 7.7b), necessarilybx �¶� 1, by � 0. Which in
turn requires(Claim 7.6) cz 5 1, cx 	 � 1, cy 5 1. So 
 c 
 ∞ 5 1 unlesscy �� 1. Analogouslyto casee), cy �o� 1 means � 1 5 cx 5 0, 0 5 cz 5 1 and
therefore 
 d 
 ∞ 5 1 dueto Claim 7.7c) for coordinates� x � y� z� exchangedwith�<� y��� z��� x� . �

h) ax � 0, ay �¿� 1:
Thennecessarilyb �#� 0 ��� 1 �F� 1� , cx � 1, � 1 5 cy 5 0, 0 5 cz 5 1, 
 d 
 ∞ 5 1.
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i) � 1 5 ax 5 0, ay �#� 1:
Apply Claim7.7b)to see� 1 5 bx ! 0, � 1 ! by 5 0. If bx was B� 0, thenClaim
7.7c)wouldmean 
 c 
 ∞ 5 1. Thus,bx � 0 and(Claim 7.7b)by �®� 1. As above,
cx � 1, � 1 5 cy 5 0, 0 5 cz 5 1, and 
 d 
 ∞ 5 1.

j) ax �®� 1, � 1 5 ay 5 0 similarly:� 1 ! bx 5 0, � 1 5 by ! 0. For by B� 0, we have 
 c 
 ∞ 5 1. And for by � 0,
we have bx ��� 1, implying (like in g) cy � � 1, � 1 5 cx 5 0, 0 5 cz 5 1 and
 d 
 ∞ 5 1.

k) ax �®� 1, 0 5 ay 5 1:
Claim 7.6prohibitsbx �#� 1. Claim 7.7b)theninfers � 1 5 bx 5 0, 0 5 by 5 1.
And 
 c 
 ∞ 5 1 by Claim7.7c).

l) ax �®� 1, ay �#� 1:
Then � 1 ! bx ! 0, � 1 ! by ! 0. Considersub-cases

i) by B� 0, 0 B� bx B�#� 1 O 
 c 
 ∞ 5 1 by applyingClaim 7.7d).

ii) by B� 0, bx ��� 1 O � 1 5 cy ! 0, 0 ! cz 5 1 usingClaim7.6andClaim
7.7a). 
 c 
 ∞ � 1 requirescx ��� 1. But then,neitherdob norc leavetheface
F{ x *�� q which a startedin, preservingstrict decreaseof thesameΦ { r�*�� q all
thetimedueto Lemma7.3.

iii) bx � 0
7 2 7b q�GO by �¿� 1. Referto caseh) to see: 
 d 
 ∞ 5 1.

iv) by � 0
7 2 7b q�GO bx �#� 1 which transformsto caseh) underchangeof co-

ordinates� x � y� z�M�&��<� z��� x ��� y� , and therefore cy �¶� 1, 0 5 cz 5 1,� 1 5 cx 5 0, 
 d 
 ∞ 5 1 aswell.

Proof of Lemma 7.3: Considerax � 1 � bx, the othercasesbeingsimilar. Since� bx � ax �G�iuÈ�����­XP�¶� 0 � 0 � 0� , we have casea) ratherthanb) of Claim 7.6. Therefore,
ax �iu sgnay � sgnaz X±Z#� 0 � 0� which means� ay � az�[Z#� 0 � 0� . Now, apply Claim 7.6 to
i � y andget � by � ay ���yu sgnay � sgnazÑ ÒNÏ Ðà { 0 * 0 q � sgnaxÑ ÒNÏ Ð. 1

XP!�� 0 � 0 � 0�N�
henceby ! ay. If by 5 ay, we aredone.
So, be by � ay. This requiresay �Ëu sgnaz � sgnax X�Z�� 0 � 0� . Combining that with� ay � az�SZ#� 0 � 0� implies az Z 0 for ay B� 0 anday � 0. Onemoretime, look at Claim
7.6to see � bz � az ����u sgnazÑ ÒNÏ Ðà 0 � sgnaxÑ ÒNÏ Ð. 1

� sgnay X[!¿� 0 � 0 � 0� andbz ! az.

Let’sfinally excludethepossibilityof bz � az by remarkingthatthismeansa , b � a,
a self loop. Such,on theotherhand,cannotoccurin PNGs,aseachC 
�� has0 B
 C
andthusu B
 Pj � u� in Equation(7).

Proof of Claim 7.7: Since,asa prerequisiteto Theorem3.6, d̃̄ι 
 ˜D is anextension
of u%
��¾
 ∞ ��
��N
 1 X w.r.t. lexicographicalorder, everyarc— greedyor not— in G �:�E� ˜D ;P�
trivially obeys a).
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For b), 
 a 
 ∞ � 1 andaz B� 1 andrequire � 1 ! az 5 1. 1 � az �#
 bz � az 
�!�
 b � a 
∞ a q! 1
further restrictto 0 ! az 5 1. Supposeaz 	 0, thenapplicationof Claim 7.6 to i � 3
yields � 1 � az � any� any�G� � bz � az ����u sgnaz � sgnax � sgnay XP!¿� 0 � 0 � 0�
independentof whichof thetwo casesactuallyholds.Hence,az Z 1: a contradiction.
Therestof b) is obtainedby insertingaz � 0, bz � 1 into a).� 1 5 ax 5 0 implies � 1

7 2 65 bx
a q5 1, therefore
 bx 
i5 1. Similarly, cases� 1 5 ay 5 0

and 0 5 ay 5 1 yield 
 by 
Ë5 1. Analogousargumentsin caseay ��� 1 only gives� 1 ! by ! 0, but by � � 1 is ruledout by part b) of Claim 7.6. Finally, from az � 1
follows 0 ! bz ! 1, andagainbz � 1 prohibited: 
 bz 
�5 1, too. Together
 b 
 ∞ 5 1, the
claimof c).
Finally, partd): 0 5 ay 5 1, so � 1 5 by 5 1. � 1 5 ax 5 0, so � 1 ! bx 5¿� 1. Even
for ax �¿� 1, bx �¿� 1 is impossibledueto Claim7.6b).Thesameholdsfor bz � 1, so
0 ! bz 5 1 and 
 b 
 ∞ 5 1.

Proof of Claim 7.6: Thereaderwill easilyverify that f̄ :
� ��� 0 ��� � 3 & � ����� � 3 �

fi : k̄ �#� k0 � k1 � k3 �E�& ki × j { k̄ q � i Ö j u k̄X : � i � min 7 j � 0 � 1 � 2 : ki × j B� 0 9 (18)

is exactly theoneusedin Equation(11) andhasthefollowing property:

fi u k̄ X � s 
 � ����� � Ç s �N� ki � ki × 1 � ki × 2 �SZ 0̄ O s �N� ki � ki × 1 �SZ 0̄ � (19)

Remember, thatw.r.t. lexicographicalorderandfor x � y 
 IR, ū 
 IRn, v̄ 
 IRm:� x � y�Sá�� 0 � 0� Ç � sgnx � y�Sá�� 0 � 0� Ç � sgnx � sgny�Sá¿� 0 � 0� (20)

ū Z 0̄ � v̄ Z 0̄ �GO ū â v̄ Z 0̄ (21)

ū 	 0̄ � ū â v̄ Z 0̄ J v̄ â ū Z 0̄ O v̄ Z 0̄ (22)

ū â v̄ : �#� u0v0 � u0v1 �������-� u0vm � u1v0 � u1v1 �������-� u1vm �3����������� unv0 � unv1 ��������� unvm �N�
Thus,for s̄ 
 � ����� � 3,

0 � b 
 a � Cs̄
{ 11qã O A i � 0 � 1 � 2 : fi u sgn� b � a��XT� si � fi u sgn�<� a��X{ 19qã O{ 20q u bi � ai � bi × 1 � ai × 1 � bi × 2 � ai × 2 X � si � : ūi Z�� 0 � 0 � 0� (23)Q �Ôu sgnai � sgnai × 1 � sgnai × 2 XM� si � : v̄i Z�� 0 � 0 � 0�

whichby (21)yields,consideringonly thefirst 3 componentsof ūi â v̄i :� s2
i � bi � ai ����u sgnai � sgnai × 1 � sgnai × 2 XYZ�� 0 � 0 � 0� (24)

andin particular(s2
i � 1) parta)of theclaim.For b),beai �Nu sgnai × 1 � sgnai × 2 XS5Ô� 0 � 0�Þ�

Hence,0 B�¿� sgnai � fi �<� sgna�U� si �¿� si × 1 by definitionof fi and fi × 1. It suffices
to show bi B� ai sincetherestfollowsfrom (24).
To thisend,supposeon contraryai � bi. First componentof Equation(23)vanishes:� 0 � 0�M! si � u bi × 1 � ai × 1 � bi × 2 � ai × 2 X �#� si × 1 � u bi × 1 � ai × 1 � bi × 2 � ai × 2 X
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Applicationof (23) to i Ö 1 insteadof i requiresthereversedinequalityto hold, too:�GO si × 1 � u bi × 1 � ai × 1 � bi × 2 � ai × 2 X �#� 0 � 0�N� bi � ai by assumption

implying (si × 1 B� 0) a � b in contradictionto theprerequisites.

Be now valid, for eachi � 0 � 1 � 2, oneof casesa) andb); si : � fi u sgn�<� a��X andwe
will prove � a � b � a 
 Cs̄ by verifying Equation(23). Suppose� bi � ai ���yu sgnai � sgnai × 1 � sgnai × 2 XY5�� 0 � 0 � 0�N�
Multiply by s2

i � 1 Z 0 accordingto (21) to find out

si �N� bi � ai ��� si ��u sgnai � sgnai × 1 � sgnai × 2 XÑ ÒNÏ Ð. :ū

5�� 0 � 0 � 0�N�
ū being ! � 0 � 0 � 0� by definition of si and(19). As ū B�o� 0 � 0 � 0� , we have even ū 5� 0 � 0 � 0� andmayconcludesi �¾� bi � ai �S	 0, yieldingEquation(23).
If � bi � ai ���yu sgnai � sgnai × 1 � sgnai × 2 XT�#� 0 � 0 � 0� , necessarilybi � ai and(casea)

ai ��u sgnai × 1 � ai × 2 XYZÕ� 0 � 0�N� (25)

If 0 B� sgnai �o� si, this means� si � u sgnai × 1 � sgnai × 2 X Z�� 0 � 0� , and if 0 � sgnai,
ki ��� sgnai � 0 reducesEquation(19) to � si �iu sgnai × 1 � sgnai × 2 XCZÕ� 0 � 0� , too. So,
takeprerequisitew.r.t. i Ö 1� bi × 1 � ai × 1 ��� u sgnai × 1 � sgnai × 2 X !�� 0 � 0�
andmultiply with s2

i � 1 to endup at si �-� bi × 1 � ai × 1 �TZÕ� 0 � 0� . For ai × 1 B� bi × 1, this
proves(23),sosupposeequality. Similar to above, thismeans(casea)

a× 1 �yu sgnai × 2 � sgnai XYZ�� 0 � 0� and � bi × 2 � ai × 2 ����u sgnai × 2 � sgnai XP!�� 0 � 0�N�
thelatterfrom prerequisitefor i Ö 2. Therefore,si × 1 �-� bi × 2 � ai × 2 �äZÕ� 0 � 0� . Equation
(25)finally requiressi � si × 1 for bothai � 0 andai B� 0.
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