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Abstract

A geometricspannemwith vertex setP C IR is a sparseapproximationof
thecompleteEuclideangraphdeterminedby P. We introducethe notionof par-
titionedneighborhoodyraphs(PNGs),unifying andgeneralizingnostconstruc-
tions of spannerdreatedin literature. Two importantparametersharacterizing
their propertiesarethe outdegreek € IN andthe stretchfactor f > 1 describing
the ‘quality’ of approximation. PNGshave beenthuroughlyinvestigatedwith
respecto smallvaluesof f. We, onthe otherhand,presentn this work results
aboutfeasablesaluesof k — soto saythe otherextreme.Theaim of minimizing
this parameteratherthanthefirst onearisesfrom two obsenations:

a) It determinegsheamountof spaceaequiredfor storingPNGs.

b) Many algorithmsemployinga (previously constructedspannehave run-
ningtimesdependingnits outdaree.

Ourresultsinclude,for fixeddimensiond aswell asasymptoticallyupperand
lower boundson this optimal valueof k. The upperboundsareconstructve and
yield efficientalgorithmsfor actuallycomputingthe correspondingraphs.
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1 Motivation

Spannersllow for anefficient solutionto mary geometricproblems.For givenfinite
setP C IRP, suchagraphG = (P,E) approximateshe completeEuclideangraphup
to somefactor f > 1. f-spannergnabledRaoandSmithto constructa FPTAS (Fully
Polynomial Time Approximation Scheme)or the EuclideanTravelling Salesperson
Problem[21]. Among otherapplicationsareclosestpoint queries[25], motion plan-
ning [7], min-costperfectmatching[27] aswell asmary rangesearchingproblems
[1, 18]

For example,theobjective of acircular rangequeryis to reportall thosepointsp of P
lying within a circle of givenradiusr andcenterc. Having constructedan f-spanner
G for P C IR of outdegreek, querieswith centersc € P canbe answeredn nearly
outputsensitie runningtime, i.e., O(fkm) independenof n = |P| andm closeto the
numberof pointsreported14].

More precisely this kind of geometricsearchingproblemsoccurringin interactve
virtual reality animationgrequires§ to have only aweakenedpanningproperty: The
‘radius’ of a pathfrom sto t, ratherthanits total length, needsbeingboundedby a
factor f*. In particular every (strong) f-spanneiis a weak f*-spanneffor somef* at
mostaslargeas f, usuallysubstantiallysmaller

Spannerdor given P are mostfrequentlycomputedby an obvious generalizatiorof
proximity graphs[17]: Partition spacelRP into k € IN corvex conesCy, ... ,Ck_1.
Then,from vertex p € P, draw directededgegarcs) to theclosespointu; of (p+C;j) N
P; dothisfor j = 0...k— 1. Theresultinggraphis calleda partitionedneighborhood
graph (PNG). Its propertiesstrongly dependon the numberand shapeof the cones
{Co,...,Ck-1} =: C butalsoonthenorm||-|| inducingthe (not necessarilfEuclidean)
notionof ‘closest’: For disadwantageoushoicesthis graphmaybeno spanneatall.
However, every PNG G = (P, E) is sparsewith |E| < kn= O(n), n:= |P| andbenefits
from the simple constructionprinciple, numericalrobustnesd?2], fastcomputability
in optimal[6] time O(n- polylogn), andlocality propertieshatallow for incremental
dynamicupdateg14].

Given D andsmalle > 0, sufficient conditionson € and|| - || have beeninvestigated
in the literatureto ensurethat, for ary pointsetP, the accordingPNG is an (1+ €)-

spanneri.e., an approximationof this order Indeed,mary applications— like the
TSP-FPAS mentionedabore — rely one — 0.

On the other hand, there exist caseswherethe outdegreek = |C| of G is of equal
importanceas its stretchfactor: Considerthe alreadymentionedrangequery with
runningtime proportionalto f - k. But even for algorithmsthat do not dependon k,
whenit comego actuallyimplementingt, asmalloutdegreemaybemorecrucialthan
asmall f.

Supposédor examplethatyou canchoosebetweera spanneiGi i of small f but high
outdegreek andoneof small outdegreek but big stretchfactor f, Gy Thealgorithm
will runfasterwith Gt x but this graphrequiresmorememoryandaccesso secondary
storagee.g.aharddisk)eingaboutl000timesslower. G¢ i ontheotherhandentirely
fits into your computers mainmemorysothatoverall it still outperformsG x evenif
f is 500timesbiggerthan f!



Wethereforeaimto determingheminimal valueof k (togethemith its dependencen
dimensiorD) suchthatPNGsof this outdgresstill arespanners/weagpannersUpper
boundson this extremalproblemin combinatorajeometryarenot only of theoretical
interestbut alsoyield efficientalgorithmsfor constructingsuchgraphs.

2 Definitions

2.1 Spanners

Fix dimensionD € IN andsomenorm|-| onIRP. Givenapaths= pp~ py~ ...~
pm=tfromse Ptot € P C IRP in somegeometricgraphG = (P,E), thenumbers

Il

f(Po,--- , Pm) _lei—l—pi|/|p0_pm| 1

(o, Pm) = max|po—pi| /| Po— Pm| (2)

arecalledits stretch factor andweakstretch factor, respectiely. An f-spannerfor P
is agraphwhich for all s,t € P containsa pathfrom stot of stretchfactoratmostf;
Similarly for aweakf*-spanner..

Mind thatevery (strongly)connectedyraphtrivially comprisesan f-spannefor some
f < oo, simply by finitenessof P. But of course the goalis to constructf-spanners
with f independentf P. Therefore,definegraphsforming a family § = {G(P) :
P C IRP finite} to be uniform f-spannersf eachG(P) is a f-spannerandcall them
uniformspannersf f < o existssuchthatthey areuniform f-spannersCorresponding
notionswill beusedfor weakspanners.

Let us remarkthat, by topologicalequivalenceof ary two normson IR (Claim 5.5),
transitionfrom |- | to |~| affects f by merelya constanfactor. In particular thenotion
of ‘uniform spannerstdoesnot dependnthechosemorm.

2.2 Partitioned Neighborhood Graphs

To formalize PNGs,considersomefamily € = {Cop,Cy, ..,
C«_1} of corvex conesforming a partition of IRP in the
sensehatit coversthewholespacendis ‘almost’ disjoint:

k=1
Uci = IR°, CinGi C {0} Vi#].
j=0

In this context, C C IRP is said to be a cornvex coneif
A(u+v) € C for all u,ve C andA > 0. Accordingly,
we needa family D = {do,dy,...,dk—1} of k normsd,;.
Then, for finite P C IRP, the partitioned neighborhood
graphG(C, D; P) = (P,E) is definedby choosing,to each
vertex u € P and each0 < j < k, one neighborv in
(Cj+u) NP\ {u} =: P;(u) nearesto u with respecto d;. .




More preciselytheedge< of G(C, D; P) aredefinedby threeconditions:

YueP Vj: Pj(uy=0vVv FvePj(u): (uv) €E (3)
(uv),(uw) e E,vEwW = Vj: vgPj(u) Vv wgPi(u) (4)

(uv)eE = 3dJj:vePj(u A WePj(u): dj(v—u) <dj(V—u) (5)

To definethe greedypathfrom stot in PNG G = (P,E), considertheuniqueC; € €

suchthatt € s+C;j. Then,sincet € P;(s) # 0, thereexists (3) atleastand(4) at most
onev € Pj(s) suchthat(s,v) € E. Takes~~ v asthefirst stepandrepeatromvtot.

2.3 Measuresof Distance

In the previous paragraphproximity of two pointswasgaugedwith respecto some
normd;. Butin fact, our considerationslo notrely onits symmetryproperty d; may
thereforebe amoregeneradistancefunctiond : IRP — [0,») C IRwhichis

positively linear d(Av) = Ad(v) veEIRP, A >0
nondegenerate d(v) #0 IR°5v+£0
andcorvex. d(u+v) < d(u)+d(v) uvelR® ()

It is well known that suchmappingsuniquely correspondo the compactand corvex
subsetsK of IRP with 0 in their interior: Accordingto Claim 5.5, the unit sphere
{veIRP:d(v) < 1} is suchasetand,vice versaK’s socalledMinkowskyfunctional
Mk fulfills thethreeconditionsabove,

(V) = inf{u>0:v/ueK} = min{u>0: pK>v}.

For dealingwith casesvheretwo pointsv,V € P;j(u) arebothclosestto u, we permit
thedistancefunctiond; to includearule for breakingties, i.e., atotal (or linear) order
d; € Cj x C; thatextendsthepartialorde? {(u,v) : u,ve Cj, u=vV d;(u) < dj(v) }
inducedby d; onC;j in thesensehat

Y,weCj: dj(v) < dj(w) = (v,w)ed,.

By the axiom of choice,such d~j alwaysexists [26] and will be calledan extended
norm Equation(5) thenhasto bereplacedy

() eE = 3Jj:vePR(Uy AWePU): (Vv-—u,V—u) € dj (7)

2.4 Our goal
So,eachchoiceof € andD = {d; : j = 0...k— 1} inducesa family

5(e,D) = {G(e,D;P) : P C IRP finite}

20:={(u,v) :u,v€ Cj,d;j(u) < dj(v) } is noorder: It violatesaxiom” (u,v), (\,u) € O = u=V"...



of graphswith outdegree|C|, andour goalis to determingfor differentdimensiond)
the leastvalue of k = || suchthatthey constituteuniform spanner@andtheir corre-
spondingstretchfactors:

k(D):=min{ke IN | 3¢ disjointpartitionof IR into k corvex cones
3D collectionof k extendedhorms (8)
3f <o VP CIRP finite : G(€,D;P) is f-spannef
f(D,k):=inf{f>1 | 3C disjointpartitionof IR® into k cornvex cones
3D collectionof k extendednorms 9)
VP C IR® finite : G(€,D;P) is f-spannef

andk* (D), f*(D,k) for uniformweakspannersiespectiely.

Sinceary f-spanneis aweak f-spanneaswell, k*(D) < k(D) andf*(D, k) < f(D, k)
areobvious,andchoosingk — k conesemptyproves f (D, k) > f(D,k) andf*(D, k) >
f*(D,k) wheneverk < k.

3 Results

There alreadyexist works which, in spite of focussingon f — 1, proved specific
choicesfor € andD to yield partitionedneighborhoodf-spannersin thatway, they
imply upperboundsonk(D) andf (D, k). RuppertandSeidelfor exampleproved[23]:
3.1Theorem: Supposeavery C € C hasangulardiameter
«(C) := sup{x(a,b) : a,b € C} atmost® < 1/3. Consider
(arbitrarytotal extensiond; of) thenormd; with unit sphere
depictedto theright. Then,for eachsteppy ~ pmy1 Of the
greedypath (seeabove) in G(G,’D; P) froms=potot =0
has

|Pml,— [Pmt], > (1—2sin(6/2)) - |Pm+1 — Pml, (10)

Sincek = 7 equally sizedwedgesdo form sucha partition € in dimensionD = 2,
G(C,D;P) isanEuclideanf-spannersor

1

< — ~
27 < 1—23in(9/2)‘e=2n/7

757, k(2)<7 O

The table belonv shovs a compilationof suchresultsaswell asthe improved upper
boundspresentedh this paper Mind thatwe arethefirst to prove lower bounds!



dim | reference bound bound
D=2 | Keil, Gutwin 1991 k(2) <9 k(2) <9
Ruppert,Seidel1992 k(2)<7 k*(2) <
f(2,7) <757 | (2, 7)<757
Fischer Meyer a.d.Heide, k*(2) <
Strothmanri97 f*(2, 6) < 2
Fischer Lukovszki, Ziegler 1998 k*(2) <
f*(2,4) < < 2.29
new k*(2) > 4 k*(2)=4
conjectue k(2) =4
D =3 | Hardin,Sloane Smith1994 k(3) <20 k*(3) <20
f(3,20) <881 | f*(3,20) < 88.1
new k*(3) <8
f*(3,8) <2.53
new k*(3) > 5 k*(3) > 5
D — o | Rogersl963 k(D) < 29( k*(D) < 20(P)
new k(D) > D+ k*(D) >D+2

CombiningTheorem3.1with thefollowing resultfrom Coding Theorydueto Hardin,
SloaneandSmith[16] impliesk(3) < 20andf(3,20) < 88.1:

3.2Theorem: Thereexistsa coveringof the unit spheres® c IR® with k = 20 capsof
angulardiameter® ~ 59.25°. O

For 60° < B8 < 90°, greedypathsbe-
come unboundedlylong (see figure)
but remainof boundeddiameter As
this may includethe possibility of cy-
cling infinitely withouteverreaching,
it doesnot necessarilymply obtaining
a weakspanner In fact, which of the
cones’boundariesare openandwhich
onesclosedturns out a sophisticated
combinatorialchallengefor 6 = 90°;
similarly doesthe particularextension
of normd; which is not arbitrary ary
longer The planar caseshave been
treatedn [14] and[12]:

3.3Theorem: LetD =2,k > 7, andC consistof k consequtie wedges

C, = {(rcosnb,rsinq)):r ,k1<¢< (+1)} j=0...k—1.



Then,for D asin TheoremB.1,G(€, D; P) is aweakEuclideanf *-spannefor

f* < max{\/1+48sin4(n/k),\/5—4005(2n/k)}. O

3.4Theorem: Let D = 2 andC = {Cy,C;1,C,C3} thefour ca- !
nonicalquadrantsvith boundariesopen/closeds showvn to the '
right. LetD = {do,...,ds}, d; arbitrarytotal extensionof :

{(vw) : weC;j, ;
(Voo < Wleo) V' (Vo = [Wleo A [Vlo < [Wlo) } :

i.e. thelexicographicabrderon C; inducedby v+ (|V]w, |V|o),

1/p _
Mp=(SMP) ", Me=maxul,  [Vio=minjy]
|

Thenpotentialfunction®(s) = (|s—t«, d(s—t)), d(X,y) = |x+Y], strictly decreases
in eachstepof the greedypath.

In particular the latter doesreacht with (not necessarilstrictly) decreasing - —t|.
S0,5(€,D) areuniformweakspannersf Euclideanveakstretch

i < {la-blo/lal:fale=1=[bla} = V3+V5 O

3.5Theorem: Given P C IR?, n:= #P, the graph G(G,’D; P) of Theorem3.3 can
be computedby sequentiallyperformingk sweepline algorithms,eachof time O(n-
logn). Thegraphof TheorenB.4 canbecomputedn thesamemagnitudeof time. O

Thefirst of our contributionsgeneralizeshis to 3D:

3.6 Theorem: Let D = 3 andconsiderthe 8 canonicaloctants.Turn theminto a par
tition by including eachof their commonboundarieso oneof themandexcluding it
from the othersin thefollowing way: € := {Gr: 1 € {+,-}%},

Cr:= {a € IR% g+ 0, f(sgna,, sgnay, sgna,) =1} (11)
for f = (fy, fy, f2) 1 {+,0,—}3 = {+,—}3, givenby f_\{+ RE —identity andotherwise
xfyo o 0o 0|+ + - ~-|+ 4+ - -0 00 0 + -0
yl+ + — -=|/0 0 0 0|+ — 4+ —-|0 0 + — 0 0]0
z|{+ - + -|\+ - + -0 0 0O O+ - 0 O O 0|0
W+ + - - [+ + - -+ + - -]+ -+ - + - [+
fyl+ + - |+ - + - |+ - + - |+ - + - + —|+
|+ -+ |+ -+ |+ 4+ - |+ -+ -+ —|+

Furthermorebe the partiallexicographicalorderinducedby G 5 v — (|V]w, [V]1) €x-
tendedo atotaloned;. Then,G(C, D; P) hasweakstretchfactor2 with respecto | - |«

andEuclidearweakstretchf* < 4/ (7++/33)/2. O

7



3.7Theorem: GivenP C IR3, n:= #P, the graphG(€, D; P) of Theorem3.6 canbe
computedn time O(n-log? n) from 48 sweepplanepasses.

Thelowerboundsmentionedareimmediateconsequences thefollowing two results:

3.8 Theorem: In the planarcaseD = 2, no choiceof € andD of sizek < 3 makes
(e, D) afamily of uniformweakspannerssincethereexistsP C IR? ands, t € P such
thatno pathfrom stot is presentatall. O

3.9Theorem: In cased > 3, nochoiceof € andD of sizek < D+ 2 makesg (€, D)
afamily of stronglyconnectedjyraphs(andthusneitherof uniform weakspanners).
More preciselyinequalities k(D) > k(D—-1) —1 and k*(D) > k*(D) —1 hold. O

This doesnot rule out the possibility to obtain(weak)spannerdor D = 3, k= 6. We
can,however, excludethe choiceof 6 corvex conesarisingcanonicalyfrom thefaces

of acube(é andC denotetopologicalinterior andclosedhull of C, respectiely):

3.10Theorem: Suppose = {Cr:1},1= (i,9) € {x,Y,2} x {+,—} and

CI_CCVI_CCl_y C= {qEIR37q#O7|q|°°SSXqi}'

Thento ary collectionD of 6 extendechormsthereexistsP C IR® suchthatG(C, D; P)
is not stronglyconnected. O

4 Conclusions/OpenProblems

We presentedipperandlower boundsfor the numbersk(d) andk*(d), i.e., the min-
imally achievable outdegree suchthat partitionedneighborhoodgraphs(PNGs) still
form spanneraindweakspannersiespectrely.

The notion of PNGswe suggesteds very generalsincewe allow for arbitrary parti-
tions of spacanto corvex cones.Furthermorethe neighbomeedsot be ‘nearest’in
the Euclideansensebut with respectto any nondeyeneratecorvex distancefunction
d which may be differentfor eachconeandeven be equippedwith a rule for break-
ing ties betweenequally distantpoints. In particulay mostexisting constructionsof
spannerarePNGs.

We do notaimto find theminimal outdegreeof arbitraryspannergthisis well known,

aryway: 3. See[8]) but of thosewhich can be constructedn nearly linear time
O(n- polylogn). Our upperboundsare constructve and yield practical algorithms
of this optimaltime compleity. We obtainedower boundsby proving thatfor smaller
outdegree,the correspondind®NGswill in generalbe not only of unboundedength

anddiameterbut evendisconnectedanimportantobsenation,seebelon!).

This wasdoneby a new technicaltool which took careof the vastrangeof possible
choicesfor the distancefunctions. This allowed us to reducethe topologicalpart of
the problem. The remainingchallengeof consideringall partitionsof spaceinto k
corvex coneswasstill difficult enough: finding so called cycles, a simultaneously
combinatoriandgeometricpropertyof afamily of cones.



For k*(2) = 4, our boundsaretight. Concerningthe gap between4 and7 for k(2),
we conjecturethatthe actualvalueis 4, too. In orderto prove the appropriateupper
bound,greedypathsdo not sufiice any more.
In higherdimensionsye believe k(3) = k*(3) = 8 andk(D) = k*(D) = ©(2°). PNGs
thenwould have theinterestingoropertythat

e they areareeitherdisconnectear

e permitpathsof uniformly boundedength.
Theothercases

¢ unboundedliameterand

e boundeddiametetbut unboundedength

could not occurby themseles. This is differentfor arbitrary families of geometric
graphs!

Apart from filling the remaininggapsby tighteningthe upperandlower bounds,an-
otherdirectionof researclseemspromising:Whathappensf thenotionof ‘closest’is
notdeducedrom anextendednormd but from anarbitrary total order< of coneC?
Evenin case< is requiredto be compatiblewith thecones operations -” and”+" in
thesenseof [15], i.e.,

u<v, A>0 weC = Au=< AV A U+W < V4W,

we have noideawhetherthis actuallyaffectsthe valuesk(d) andk*(d) or doesnot.

5 Proofsof lower bounds

For proving alowerbound,everychoiceof C andD hasto betakeninto consideration.
Thefollowing importantresultallows usto getatleastrid off thenorms:

5.1Definition: Be € acollectionof (notnecessarilyisjoint neithercavering) corvex
conesC C IRP. A cycleof € is afinite sequencécy,cy, ... ,C _1,CL = Gy) of nonzero
pointsg € IRP suchthat

VI=0...L—-1 3JCeC: 0Ocg+C A cy1€0+C (12)

5.2 Proposition: Fix somepartitionC of IRP into corvex cones Supposehereexists
subspacé& andnonzerovectorv € IRP suchthat

¢:={Cns:CeCveC} (13)

containsa cycle. Thenfor any choiceof extendednorms® thereexistsP C IRP such
thatG(C, D; P) is notstronglyconnectedHerewe identify Swith IR®, D' < D. O



Proof of Theorem 3.8: In casek = 3,
-1
%{(Ci) =360 — dJi: ¢CG) <120 < 180°. G

The tangentline S at C; throughO thereforeintersectspre- G g
cisely the othertwo cones. Choosev # 0 from their com- P
mon boundary Identifying S with IRY, we have €' = _
{(=0,0], [0, +00) } with obviouscycle (—42, +42, —42). -
In case&k = 2, bothconesarehalfspacesChooser from their v
boundaryandSperpendiculatov. Casek= listrivial. [

Proof of Theorem 3.10: Considerv = (1,1,1).
S={u€ IR®: uLlv} 2 IR?viavectorspacésometry

" —\/1/2x—/1/6y
(y> = | V12— /1/8y
+v/2/3y
Thecollectionof cones?’ inducedby € is shovn to

theright; boundariesnay be openor closed.Now,
let 0 < & < 30° arbitrary Then,pointsi,V,W € S

i = (—+/2/3c0sd,4+/1/6c0sd—+/1/2sind,++/1/6c0sd+ /1/2sind)
U = (++/1/6c0sd+ 1/1/2sind,—+/2/3c0s3, ++/1/6c0S5 — 1/1/2sind)
W = (4+1/1/6c0sd—+/1/2sind,++/1/2sind+ 1/1/6c0sd, —/2/3c0Sd)

correspondingo

u = (cog 30°+3),sin( 30°+3))
v = (cog150 +5),sin(150 + ) € IR?
w = (cog270 +8),sin(270 4 8))

obviously form acycle (u,v,w,u) of ¢'. O

5.3Claim: If Cc IRP iscorvex,acC,be é thena+b € C.

Proof: Let a, € C be a sequenceonvergentto a. b € C, thereforeexists a ball B
aroundb suchthatB C C. For eachb € B andeachn, a,+b € C by corvexity and,
lettingn — o, a+b € C. This provesthatthewholeball a+ B arounda+ b lies within

C,soa+be C. O
Proof: (Proposition5.2) Be (co,C1,...,C-1,CL = Co) acycleof €, i.e., ci1€

a+(Cnvt) Cca+Gand—g ¢ Ca v € C, thereforet := puve C C IRP for ary
H> 0. Applicationof Claim5.3toa=t, b= —c ensures € ¢ +C; ¢4 € 0 + G,
aryway. Now let d e D belongto C € €, d, thedistancefunctionwhich d, extended

10



O]
to. Sinced(¢+1—¢) is independendtf p andd, (t —q) < pd(v) —d(g) =« as
i — o (Claim5.5),

IA > 0: VI=0,...,L-1: c¢y1,teq+G, d|(C|+1—C|:) <d|(t—C|)
LettingP = {t,co,...,cL-1}, no¢ will thereforehave anarctot in G(G,@; P). O

Proof of Theorem 3.9:  Suppose = {Cy,...,Ck_1}, D = {do,...,dk_1} for k <
D+ 2. ConsidethecaseD = 3. SinceCi_; is corvex, we canfind atboundarypoint 0
sometangenthyperplaneH not touchingCy_; otherthanin 0. Theintersectiongvith
andrestrictionsto this (D — 1)-dimensionakubspace

%:CoﬂH C’1:C10H CL_ZICk_zﬂH
&, ~do]. g, |, e d=deal,

thereforeform a partition €’ of H 2 IR? into k — 1 < 4 corvex conesanda family D’
of extendedhormsthereon Now, takethe counterexampleP C IR? from Theoreni.8
andplaceit ontoB C IR®: TheresultingPNGsaredisconnected,/

In cased > 3, employthesameamgumentasinductionstep.

Attentive readeramight have remarkedthatin somedegenerate
casesCx_1 mayincludeanglesaslarge as18(° and be closed.
Here,we cannotguarante¢hetangenhyperplando beeven‘al-
most’ disjoint to Cx_1. Fortunately the subsequenClaim per
mits a characterizatiof theseparticularities! Soif H with the
requiredpropertydoesnot exist, takev € Cy_1, —Vv € Cc_1. Sup-
posefirst that —v ¢ Cc_1. Then,to € = |v|/2 > 0 we canfind
w € Cy_1 suchthat|w— (—v)| < € andin particularw not col-
inearto —v,v. PlaneV, := spaq—V,v,w} hasthe propertythat
Gt =VoNnC-1 is a halfopenwedgeof 180°. :
The partltlone {Csz Ce G} inducedon V, by C will thereforelook Ilke to the
right: SinceC,_1 is closedatyv, the adjacenwedgeC € € mustform anonzercangle
(whereagthe one containing—v could perhapsbe nothing more thana ray). Once
againreferto the Claim below to understandhe existenceof aline SthroughO which
doesnot touchV, \ (G UCi_1). Pointsc # 0 and —c on this line thenform a cycle
(+c,—c,+c) of

={Ccns:CeCveC}={Cns:CeeveC}.

Applicationof Proposition5.2 completeghis case. In case—v € Cc_1, S:= spaq v}
and(+v, —v,+V) similarly formsacycle. O

5.4Claim: BeC C Vp = IRP corvex, p € dC. Then,thereexists
e eithera (D — 1)-dimensionahyperplaneHp_; > p suchthatHp NC C {p}

e orve \p suchthatp+ve Chbutp—v¢C.

11



Proof: W.l.o.g. p= 0andpresume-v ¢ C Vv ¢ C. Theclaimthat

H with therequiredpropertiesxistsis trivial for D = 1 andobvious

in dimension2 (seesketchto theright). Proceechow by inductionto

D+ 1. Beq € C arbitrary ConsidersomeD-dimensionakubspace

Vb C Vp41 containingg. And considerthe planeV, goingthroughq 0
andO perpendiculato Vp, i.e. Vo, NVp is one-dimensional. |
04 CnV, =:C, is acorvex setin V, with 0 at is boundaryfulfill- |
ing —v ¢ C, Yv € C,. For this reductionto D = 2, a 1-dimensional _\}
disjointhyperplaneH; (simply aline) throughO is alreadyknown to }
exist. Now considettheprojectionof C parallelto thisline ontoVp, }

_ H
M(H1,Vp;C) = {LNVp : L line throughc parallelto Hy,c € C}.

0¢ Cp :=M(Hy,Vp;C) C Vp toois corvex (sinceprojection (Hy, Vp; ) linearmap-
ping) and 0 a boundarypoint of Cp (as is continuous). Furthermore,—¥ ¢ Cp
YV e Cp!

Indeed,beV =(v),ve Cand—V=(w) € Cp, we C. Bedefinitionof 1, linesA
andB throughv, ¥V andw, —V, respectiely, areparallelto H;. A, B andH; thereforelie
ona commontwodimensionalsubspac&z. LineC C Vs throughv,w however is not
parallelto H; ( otherwisell(v) = M(w) ) andsointersectdd; in somepointu which,
by corvexity, containsto C aswell. But u € H; N C contradictghe choiceof H; to be
disjointto C.

Inductionhypothesigs thusapplicableto Cp andsuppliesa (D — 1)-dimensionahy-
perplaneHp_1 throughO disjointto it.

Hp := Hp-1+ Hi thenwill dothejob: Suppose € CnHp. Thenits projectionll(c)
will beon(C) NHp_; contradictionthatHp_1 is disjointto Cp. O

5.5Claim: (Topological Equivalence)Be d, andd, nondgeneratecorvex distance
functionson IRP. Thenthereexist realnumbers 0 < A < A < o suchthat

Ve IRP: Ada(v) < dh(V) < A-da(v).

Proof: Denoteel!) thei-th canonicalunit vectorof IRP, i.e.,egi) =& jforl<i,j<D.
We startwith thecasedq = | - |1:v= Zvie(i) — > |vi|. DefineA := maxdy (£ el).
|
| |

Then do(v) = do(Fuiel)) = do( 3 Nil(+2el+ 3 |ul(-1)el))

ivi>0 ivi<0

—
[2})
=

<Y do(jvl(+De) + T do(lul(—1)e")
ivi>0 ivi<0

= 3 ildo(+e)+ 5 |wildp(—e)
ivi>0 i'vi<0

< > MIAE S VA = |V['A
ivi>0 ivi<0

12



Thisin turnimpliesthatds is continuousiet V" asequencén IRP corvergingto v.
(¥ .
Then dy (v(”)_) —dp(v) < db(v(”) -V)

. . *) .
and  dy(v) — dp (V") (g do(v— V")

IN

/\\v(”) —v\l =0

IN

Av—vV| =0,

inequalities(*) comingfrom

db(a) - db(b) = db(a— b+ b) — db(b) (2 db(a— b) +db(b) — db(b) = db(a— b).

Now considerthe unit sphere 8 = {u€ IR : |u2 =1} C IR®,  well known to
be compact.Continuousdy| s, thereforeattainsits minimal valueA := inf dy(u) on
ues

someu(® € 8P. dy(u®) = A = 0 contradictsthe nondeeneray of dy, thusA > O.
This meanghatfor arbitraryv € IRP, u:=v/|v|2:

bv) = db(vleu) = Medo(W) > A > Mi-AVD

andthus,\ := /D - A will dothejob.

In the generalcase the above considerationshow thatwe find A;, Ay andAp, Ap to
boundd, andd, agains{ - |1 in thesensehat,| - |1 < da < Ag| |1 @ndAp| |1 < dp <
Np|-|1- N = Np/Aa andA := A\p /A4 have therequiredproperty:

5.6Remark: If C is not closed,8P NC is not compact.
Claim 5.5 thereforedoesnot hold if the distancefunction
is definedonly on a corvex coneC C IR?. Thefigureto the < C

right depictsthe unit sphereof suchad : C — IR which can- ~~o
notbe boundedrom above by | - |2. T~

But evenin caseC is closed thereexist counterexamplesas
illustratedto the right: Be C C IR® with circular crosssec-

tion. Forv e é let d(v) = |v|2. For boundarypointsv € dC,
denoted(v) € [0,2m) the angleaccordingto the draving.
Thendefine

dV) =A(d(V) V2, A9) = : 0

13



,,,,,,,,,,,, It is importantto obsene thatd indeedfulfills trianglein-

\ J equality (6) on whole C: This is dueto the fact that points
\ on the boundaryof sphereS (the crosssectionof C) cannot

\ berepresentedssumof two otherpointsin S

As a consequencegonvex d : C — IR possessei general

no corvex extensionto thewhole spaceRP!

ConcerningClaim 5.3, the prerequisiteb € COZ is crucial,too:
Foraec C andb € C, a+ b in generaldoesnot lie in C ary
more!

To thisend,considelC C IR? with triangularcrosssectionas
sketchedo theright. Pointsa andb areon the samefaceof
C, butaliesin theopenpartof it. And sodoesa+ b. O

6 Constructing PNGs

Proof of Theorem 3.5, first part: Fix j. We will describean algorithmto compute
thosearcs (u,v) of G(C,D;P) with v € P;(u). Accordingto Equation(5), it then
sufficesto repeathis procesdor eachj = 0,1,... ,k— 1.

For notationalcorvenience be the coordinatesystemsuch
thatthesymmetryaxisof C; coincideswith thex-axis. Then
dj(u) = uy for u € Cj, asalook to the unit sphereof dj

depectedn Theorem3.1 reveals. Sort the points of P in
ascendingorder with respectto their x coordinate— time
O(nlogn) — andlet theverticalsweepline L proceedrom

left to right. We maintainadatastructureS for storingall thoseu € P lying ontheleft
of L which have notyetgotaneighborv € u+C;.

Wheneer L hits avertex p € P, we will insertp to S, querythe datastructureabout
all g € Ssuchthatp € q+C;j, createaccordingedges(q, p), andremove g from S p
indeedis closesto g. For, supposel;(f—q) = fx— 0x < px— adx = dj(p—q). Then
the line which sweep<P in increasingorderof x would have hit p beforep, thereby
having providedq with anedgeandremovedit from S, a contradiction.

14



Take as S somerealizationof a dynamicsortedar _AM(q)
ray of m elementge.g.,a balancecdinary tree)sup- e
portingoperationd. OCATE, INSERT, andDELETE in e
(amortized)ime O (logm). o« g+C—— y(q)
Each of the n points p € P is insertedexactly AN P ',l'L(q)
once, hence m < n, addingto a total time for R ¥
insertionsof O(nlogn). After ary of the n in- T TNI(g)
sertion, the above algorithm performs a query of - -
O(logm) + O(#elementseported, summingup to  q o~ ~ G+C
anotherO(nlogn) + O(n). And finally, g € P gets N
deletedat mostonce:O(nlogn). N
Verticesu which still arein Safterthesweepinchave o ~
P; (u) = 0 andremainwithout outgoingedge. N
Let us now explain how to answer the two- )
dimensionalcone stabbingqueriesQ(p) = {q € S:

peq+ Cj} required above by meansof the one- -
dimensionallyordereddatastructureS. To thisend,
betheelement®f Ssortedwith respecto theiry-coordinatesi.e., theprojectiong(q)
of p parallelto the x axis onto the sweepline. My hasthe advantagethatis doesnot
changewhile the sweepline moves andthus canbe maintainedoy datastructureS
Thelattertwo, on the otherhand,do changebut they permitto solve thequery

Qp)={geS:MN_(aq)<N_(p)} N {geS:My(aq) >N4(p)}

asfollows:

4(@)

e Findthebiggest(w.r.t. M_) q¢€ Swhichis still smallerthanp. Call thisq,..
e Findthesmallest{w.r.t. I, ) g e Swhichis still biggerthanp. Call thisg-.
e Reportall verticesqg € Sbetweerg, andqg_ (w.r.t. Mp).

Performinga binary searchwith respecto oneorderwithin itemssortedwith respect
to anotherusuallyfails badly. Here,onthe contrary Claim 6.1 guaranteethatit does
work. The first two stepscan thereforebe performedin O(logm) andthe last one
indeedreturnsthe elementf Q(p) in outputsensitve time. O

6.1Claim: With notionsasabove, C C {0}, the ordersinducedby NM_ and, are
weakerthantheoneinducedby Mg in thesensdhatfor g, € S

M@ <Mo(@ = N-(@<M-@ A M@ <M
Mo(a) >Mo() = N_(@=N_(&) A Nu(a) = M4(0)
|

Proof: We consider < and supposellp(q) < Mo(§) but 7
M. (q) > M4 (§). Fromthedefinitionof Mg andl, ascenter // el
andupperboundaryof C, thisimplies§ € g+ C. Butthen, //~¢i/,,
g € Swould have recevedtheneighbor§ andbeenremorved ﬂi,,q,,,,,
from S at that very momentwhen sweepline L hit § — a
contradiction. O L
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Proof of Theorem 3.5,secondpart: Constructinghe PNGof The-
orem 3.4 is more difficult for threereasons:Formerly, we could
(within C;) identify the line shapedoundaryof the distancefunc-
tion’s unit spherewith the sweepline andthereforein orderof in-
creasingd; processll verticesin onepass.

Thistime, two linesareneededo cover thatboundary Therefore divide the quadrant
alongits diagonalaxis: Within eachpartC/2, d; now hasonly onesegmentboundary
andcanbetreatedasbefore. The resultinggraphtemporarilyhasoutdegree8, but a
subsequend(n) processingvill comparefor eachu its two neighborscorresponding
to thetwo partsof C andkeeponly thatarcto thecloserone.

Theotherproblemto obey is theboundaryof quadranC andwhetherit is belongshe
theconeor not. This canbetakencareof by choosingy,. biggestbut smalleror equal
in theabove algorithmandq_ correspondingly

And third, the tie-breaking-rule(total order) mustbe appliedin casetwo pointsare
equallyclose.Thelattercomesinto play whenthe sweepine simultaneoushits two

(or more) verticesp; and pp: Eachq € Q(p1) N Q(p2) requiresto decidewhich of

|p1 — glo and|pz — g|o is smallerandcreateeitherarc (p1,q) or (p2,q) accordingly
Luckily, thequadratidime for comparingeachp € L to eachq € Q(p) canbereduced:
W.l.o.g. considerthelowerC/2, theupperonebeingsimilar. Now, if thequeriesQ(p)

for differentp € L areprocessedh increasingprderof py, thiswill automaticallyobey

the| - | condition!

Indeed the shapeof C/2 impliesthatqy < py for eachq € Q(p). Furthermore|v|o =

min{|w/,|w|} = |w| = v, for v e C/2. Togetherthis yields

|P2—0g=Pry—Oy < P2y—Qy=|P2—0q|, for pi,p2eL,pry<pzy. O

Proof of Theorem 3.7: Like in the two dimensionalcase,our algorithmwill work
in phasespnefor eachconeC € C of the coveringto computethosearcs(q, p) with
p € C+q. Insteadof asweegine L, wewill employaplaneH, sweepingheelements
of P in orderof increasingk-coordinate.

Again, we have to subdiide eachconeC in suchaway that
within eachpart, the distancefunction’s unit spherehasa
planarboundaryi.e., d\c is a projection. To this end, cut
octantC = C(; ;4 into three congruentsubcone<C/3 =
{veC : v <w A Vv <V} sketchedo theright.

And again,too, therule | - |1 for breakingtiesin caseH simultaneoushhits several
verticesps, p2 will automaticallybefulfilled if theseareprocessedh orderof increas-
ing py + pz. Putdifferently let H sweepP sortedlexicographicallywith respectto
(X y+2).

It now remainsto find a dynamicdatastructureSfor efficiently answeringhe dimen-
sional conestabbingqueriesQ(p) = {q €ES:pe q-|—C/3}. Unfortunately thereis
no threedimensionalanalogonto Claim 6.1: Denotell, (q) the projectionof q par
allel to the upperboundaryplaneof C/3 onto sweepplaneH, i.e. the horizontalline
H N (g+0*C/3) andcorrespondingly1_(q) for thelowerboundary
Thenthereexist pointsq, § suchthat M (q) < N4 (§), M-(q) > M_(§) but neither
g€ §+Cnorg € g+ C: Takethetwo-dimensionatxamplesketchedn Claim6.1and
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choosethe third coordinatesof g and§ so very differentthat they do not lie in each
other’sconeary more!

We will giveit anothertry andanalyzethe applicability of rangetrees[1]: Thesedy-

namicdatastructurescan efficiently answerD-dimensionalbrthogonalangequeries
parallelto theaxises

D
{geS:a<qg<b,i=1,...,.0} = sn XJa,b) = Sn[ab)
i=1
in time O (log® m) + O (#elementseported. Now considerthe four facesof C/3 and
theplanesthey lie in. Beu™ u? u® u¥ their normalvectors orientedin direction
of C/3, thatis

ut = (0,0, 1) lower boundaryplaneof C/3
u® =(1,0,-1)/v2 upperboundaryplaneof C/3
u® = (0, 1, 0) front boundaryplaneof C/3
u® =(1,-1,0)/v2 backboundaryplaneof C/3

Assignto eachvertex p € P the4-tuple p* of its distancedo theseplanes

p* = <Z piu”, > hi u?, > hi u’®, > hi Ui(4)>
| | | |
andobserethatv € C/3if andonly if v* € [(0,0,0,0), (e, 0,0, 0)). Thus,
9eQ(p) & ge€SN(p-C/3) & g eSN[-p'(~w, ~0,—m —x)).

So,afour dimensionarangetreeS* canbe employedo answerthequeryQ(p). This
givesa sweepplanealgorithm of time compleity O (nlog*n) — two magnitudesof

logn slowerthanclaimed.

Onefactorcanberemovedwith thewell known fractionalcascadingechniqug5, 19.

For the otherone, onceagainsubdvide the coneC/3 by triangulatingits quadratic
crosssection:Thetwo resultingC/6 will have only threeboundaryplanes.Hence,g*

andS* arethreedimensionainsteadof four. O

6.2Scholium? Be C apartitionof IRP into k corvex conesand® afamily of norms
dj, j =0,...,k—1. Supposahateachd; equalsthe maximumof finitely mary pro-
jectionsor, equialently, its unit spheres polyhedral.

ThenC; canbesubdvidedinto §; < « subcone€£;/d; suchthatfor eachone,

e its crosssectionformsa (D — 1) dimensionakimplex
e and dj‘cj/éj is aprojection.
FurthermoregraphG(€,D; P) canbe computedirom input P C IRP of sizen = #P

k-1 .
from performing 5 &; sweephyperplangasseseachof ime O (n-log°~*n). O
=

3A scholiumis acorollarynotto atheorembut to a proof. ..
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7 Proofof Theorem3.6
We begin with a

7.1Remark: concerningthe mappingf : {+,0,-}% — {+,—)}° andits higher di-
mensionalgeneralizationsThis represents corvinient way of specifyingfor points
that are commonto the boundaryof several octants(in general:hyperquadrant€,
i€ {+, —}D) to which oneit belongs,therebyturing the covering into a partition.
Eachpossibleagumentk € {+,0, —}P assigngo awholefaceor subface

Fe = {ucIRP:sgnu= E}, sgn(Ug, - .. ,Ug) := (SgNug, . .. ,SgNUg),

onehyperquadran®;;. Denotetigk = Card{i=1,...D: k = 0}, thenF_hasdimen-
siond — #gk.
Alas, not every f is admissiblefor this purpose:The d-dimensionalimproper)face

R.= Ci; k € {+,—}P mustof coursebemappedo C.
And for examplein two dimensionsfaceF, o) — the positive x-axis— may not be
assignedo the upperleft quadrantC,_ ,, sinceit doesnot belongto its boundary:

f(+,0) mustbeeither(+,+) or (4, —). Thisindicatesthatonly zerocomponent®f
amgumentsareto be modified. Thenon-zeroones,f mustleave unchaned:

k#0 = fi(k=Kk (14)

As ageneralizatiorio thiswe requirethat, if afaceF is mappedo onehyperquadrant
Cithenall facesklying w.r.t. inclusionbetweerF andCi-areso, too:

si=fik) = f(ki=9) =f(K (15)

with notation (k,i = s) = (kq,...,ki-1,Skit1,...,ks). Condition (15) for example
saysthatif the positive x-axis F 4 o,0) belongsto C, . ., it is not allowedto assign
the xzplaneF, o 4 (therelative topologicalclosureof which F, o ¢y belongsto) to,
letssay C(4,_ 4. In our proof of Theorem3.6, this kind of sub-/facecompatibility
conditionwill ensurethe monotory of potentialfunction ®¢ to hold not only on a
(D — 1)-dimensionafaceF but alsoonits boundaryconferLemma7.3.

Now eachf fulfilling theabove conditiong(14) and(15)inducesapermissiblepartition

C of spacento hyperquadrantandvice versa.But ¢ mustalsobesuchthatit produces
(weak)spanners A necessargonditionto this is, accordingto Proposition5.2, that

not ¢’ containsa cycle of length2. We claim that the latter is equivalentto f being

antisymmetric:

f(-k) = —f(k)  vke{+0,-}° k#0. (16)

You will easilyverify thatthe f we proposedor D = 3 indeedcomplieswith all the
above conditions. This canalsobe seenfrom its formularepresentatioifl8) on page
24. Ontheotherhand,absencef 2-cyclesis only necessaryOur proof that € does
yield weakspannerdeginswith Lemma7.3.

7.2Claim: Thefollowing areequivalent:
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a) Foreachi = 1,...D, se¢ {+,—} doesC' asinducedby C, v = (6,i =9),S=
{u: u; = 0} accordingto Equation(13) in Proposition5.2, containno 2-cycle
(a,b,a).

b) Foreachi=1,...,D,s¢ {+,—}, ke {+,0,—}P,
f(+ki=0) # f(+ki=s) v  f(-ki=0) # f(-ki=5)
c) f isantisymmetridn the sensef (16).

Proof:

"c =a" : Takei, sandsupposehat(a,b,a) is acycle of €', thatis thereexist ABe¢
{+,—}P suchthat v e Cy,Cs, abes

Oca+(CanS)"CCx bea+tCz  0,acb+Cs.

Thefirst implies Ai = s= B;. Thelatter, by definition of Cr in Equation(11),
requiresA = f(sgnb—a)) andB = f(sgnb—a)). Dueto prerequisite(16),
A= —Bandin particulars= A; = —B; = s, acontradiction.

"a=b" : Giveni, s, andk. Without loss of generality ki = 0. Letv:= (0,i =5),
S={uclR®:k=0=u =0}, a:=(-ki=0) €S> (+ki=0)=:b, A=

f(+ki=s),B=f(—k/i=s). Notethatv e Cz,CzasA = s= B;. Suppose
b) doesnothold. Then

— —— . ) == . — . — e N,
A= f(ki=s) = f(ki=0)=f(sgn(—a)) = f(sgn(b—a))

—
*

andhenceb — a, —a € Cj. SinceSis of dimensiond — #OE it evenevenfollows
that—ac (CzNS°. Similarly,a—be Cg, —b e (CgNS°. So,(a,b,a) formsa
2-gycle of €' in contradictiorto a).

"b =c” : Supposghatcomponent is notantisymmetric Fromall k with fi(— k) =
fi(+k) takeoneof minimal#y, i.e., theleastnumberof zeros.Since

k#£0 — 4k = fi(+E)(;)fi(—E)(l:4)—ki,

necessaril; = 0. Sets:= f;(+k)) andverify

fi(-|—|z,i :0:) = fi(‘|‘E) 23(5) fi(‘|‘Ei :S)
andfi(—ki=0)=fi(-k 2 fi(+k) =sZ f(-ki=s)
This contradicts) unlessthereexists j # i suchthat

fi(+ki=0) # fi(+ki=s) v fi(-ki=0) # fj(-ki=s).

Againnecessarilk;j = 0. Thistime, set§:= f;(+k).

In casefj is notantisymmetridor this k either we will find a third component
j differentfrom i and j suchthatk; = 0, andsoon. This processobviously
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terminatesafter at mostD steps simply becaus¢hentherearenot components
left: k = 0 in contrastto the prerequisiteof Equation(16). So without loss of
generalitybe f; antisymmetric:

f, is thereforenot antisymmetricat argument(k, j = §), neither But #o(k, j =
§) = #ok — 1 contradictghe minimality of k. O

7.3Lemma: Given €, D asin the prerequisiteof Theorem3.6,s € P andw.l.0.g.
t =0¢€ P, |s» = 1. Thegreedypathin G(€, D; P) from stot hasnonincreasing- |.
And, while stayingon onefaceF of this cubeQ := {p: |pl» < 1}, it is evenstrictly
decreasingvith respecto somepotentialfunction ®:. More preciselybea~+ b one
greedystepand|al. = 1 = |b|». Then

ax=+1=by = (+by,+b;) < (+ay,+a;) > (0,0)
ay=+1=by = (+bgz+by) < (+az+ax) > (0,0)
a;=+1=b, = (+bx,+by) < (+ax,+a) > (0,0)
ax=—-1=by = (-by,—by) < (-ay,—a;) > (0,0)
ay=—-1=by = (=by,—-by) < (—-az—ay) > (0,0)
aa=-1=b, = (—bx,—by) <(-ax—-a) > (00 O

7.4Lemma: Thegreedypathwill atmostoncechangé to adifferentface
Fr={aeR*:|do=1,5gr(c) =s}, 1=(i,8 € {xy2}x{+ -}

of Q. More formally, supposea~+ b ~+ c~» d aresubsequenstepsof this pathwith
a,b,ce0Q,a¢ K, be K. Then|d|. < 1.

Proof of Theorem 3.6:  Denoted additionmodulo3. Within eachfaceF; g, the
potentialfunction

@i, (V) = ([Vew, S Vig1,5-Vig2)  lexicographically

strictly decreasesTheonly ‘escape— changingo anotherface— canoccurat most
once.Thegreedypaththusfinally doesreacht andremainsin Q. Thisimpliesaweak
stretchfactorof 2 w.r.t. | - |, andthe Euclideanweakstretchfacteris at most

i = {la-bl/[a}: Ao =1=blo}. (17)

4Mind thatF is relatively closed.Thereforechangingcanmean’enteringnew, thenleaving old one”

in two stepsr "alreadylying in two faces;leave one,thenenteranother”,or in onestep”leave old and
enternew”.
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Equivalenceof norms(c.f. Claim5.5) |al., < |al2 < v/D|al« implies f* < 21/3, but
this boundis not tight. For a betterone,squareboth sidesof (17) and notethat, for
symmetryreasongsimultaneouslypermutingor invertingcomponentsf a andb), the
maximumis w.l.0.g. attainedin a, = +1, 0 < ay,ay < 1. The extremallocationof
bis thusb = (-1,—-1,-1) anday = a,. It thereforeremainsto maximizethe one
parametefunction

la—bl3 A\ +5
0,135 A -1
[ 7 ]9 ~ |a|% a:()‘v)‘vl) + 2}\2+1
b=(-1,-1,-1)
via highschoolcalculus,obtainingAg = (-5+ @)/4 and f* = (7_|_\/3\3)/2 ~
2.524. O

7.5Scholium: Supposéhat f : {+,0,—}P — {4+, )P is admissiblein the senseof
Equations(14), (15),(16)andD a family of 2P total ordersextendingthe norm | - e
suchthatin G(C, D; P), greedypathsvisit no vertex morethanonce.

Thenthis graphhasEuclideanwveakstretch

2
ax ‘a_b‘z
m 2
0<rs<l al;

f*

(A

a=(A,...,A\1)
b=(-1,..,-1,-1)

- \/1+2(d—1))\+d+2
14 (d—1)A2 A=(/d(d+8)-d-2) /2(d-1)

\/d(d+8) —4+d - vd
\/d(d+8)-2-d -

7.6Claim: Let a,b € IR®\ {0}, a# b andC asin (11). Thereexists C € € with
0 € a+Candb € a+C iff for eachi = 0,1, 2 oneif thefollowing holds:

a) ai-(sgnaig1,sgndizz) >(0,0) A (bi—a&) - (Sgnai,sgndig1,SgMais2) < (0,0,0)
b) a-(sgnais1,Sgnaiz2) <(0,0) A (bi—a)- (sgnai,sgnaiz1,Sgnais2) < (0,0,0)

whereinequalitiesareto be understoodvith respecto lexicographicalorderandmul-
tiplication performedcomponentwise.

7.7Claim: Leta~-bbeagreedystep,|al. = 1.
a) |a—ble <1. |a—blo=1,thenla—Db|; < |al;.
b) a,#1, b,=1. Thena,=0, |ax—Dby|+|ay—by| <|a+]ay|—1.
c)a;=1, —-1<ax<0, 0#£ay#+1. Then|bl.< 1.

d a,=1, -1<a<0, 0<a<1. Then|bls< 1.
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Thesameholdsfor coordinatesXx, y, z) exchangedwith (y,z x), (z,X,y), (=X, -y, —2),
(_y7 —Z —X), (_27 =X, —Y)

Proof of Lemma 7.4:  SinceClaim 7.6 and Claim 7.7 are invariantunder cyclic
permutationandinversionof coordinateswe may assumewithout lossof generality
that1 = (z,+), b, = 1. Accordingto Claim 7.7b), a, = 0. Considerthe 25 cases
ax, 8y € {_1}a (_17 0),{0}, (Oa—}_l)’ {+1}:

a) —1<ax<0, O<ay<1l contradictsac 0Q.

b) -1<ax<0, ay=0;, -1<a<0, -1<a <0, a=0, 0<ay <l
ax=0,ay=0;, a=0,-1<ay<0; O<a<1l 0<a<l; O<ax<l,
ay=0; O<a<l -1<a<0 similarly.

c) axy=1a =-1:
a~ b greedysoby definition3C € C: b,0 € a+C. Sincea, - (sgnay, sgnay) =
(0,0), casea) of Claim 7.6 for i = 2 implieslexicographically:
(0,0,0) > (b, — &) - (sgnaz, sgnay, sgnay) = (0,b,— a;,a, — b,)
Thereforeb, < a,, acontradiction:this casedoesnot occut

da=1-1<a <0, a=1a=0 a=10<a<1l a=1a=1
O<ax<l,ay=1;, O<a<lay=-1 a=0a=1 don't eithet

e) ay=—-1,a=+1:
Thistime, caseb) of Claim 7.6 for i = 1 holds,ensuringby < ay = 1. Further
more,by Claim 7.7a),1 - by < |a,— by| < |a— b|. < 1. Similar applicationof
Claim7.6for i = OyieldsO > by > —1. Thus

(1= [by) + (1~ [by]) = [ax— x| +[ay—by| < [a +]ay| - 1=1,

theinequalitycomingfrom Claim 7.7b). Hence|b,| + |by| > 1. As we already
know |by/, |by| < 1, this meanshy # 0 # by, therebyproving

b,=1, —1< by <0, O<by<1
Putthisinto Claim 7.7¢)to see: 1> [Clew > |d|o v

f) —1<ax<0,a=+1:
Again,Claims7.6and7.7b)sayb, =1, -1 < b, < 0,0 < by < 1,50|C|» < 1.

g) ax=-1,ay=0:
By (bx+ 1)+ |by| < 0 (Claim 7.7b), necessarilyoy = —1, by = 0. Which in
turn requires(Claim 7.6) ¢, < 1, ¢x > —1, ¢, < 1. S0 |cl» < 1 unlesscy =
—1. Analogouslyto casee), ¢, = -1 means—-1< ¢, < 0,0< ¢, < 1 and
therefore|d|.. < 1 dueto Claim 7.7c)for coordinateqx,y, z) exchangedwith

(—y,—Z,—X). \/

h) ax=0,ay=—1:
Thennecessarilyp = (0,-1,41),cx=1,-1<¢,<0,0< ¢; < 1,]d|o < 1.
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) —1l<ax<0,ay=-1
Apply Claim7.7b)to see—1 < by <0, -1 < by < 0. If by was# 0, thenClaim
7.7c)would mean|c|., < 1. Thus,b, = 0 and(Claim 7.7b)b, = —1. As above,
cx=1,-1<¢<0,0<¢c;<1,and|d|, < 1.

j) ax=—-1,-1<ay < Osimilarly:
—1<by<0,-1<by<0. Forby#0, we have |c| < 1. And for by = 0,
we have by = —1, implying (likeing)c, = -1, -1 < ¢ < 0,0< ¢; < 1 and
|d]e < 1.

K) ax=-1,0<ay<1:
Claim 7.6 prohibitsb, = —1. Claim 7.7b)theninfers —1 < by < 0,0 < by < 1.
And |c|. < 1 by Claim7.7c).

) ax=-1,ay=—-1:
Then—-1< b, <0, -1 < by, <0. Considersub-cases

i) by#0, 0#by# -1 = |clo < 1byapplyingClaim7.7d).

i) by#0,by=-1 = -1<¢,<0,0<c;< lusingClaim7.6andClaim
7.7a).|c| = 1requirescy = —1. Butthen,neitherdob norc leavetheface
Fix—) whicha startedn, preservingstrict decreasef the same®, _) all
thetime dueto Lemma7.3.

i) by=0 ) by = —1. Referto caseh) to see:|d|. < 1.

iv) by=0 7:7b>) bx = —1 which transformgo caseh) underchangeof co-

ordinates(x,y,z) — (—z —x,—Yy), andtherefore ¢, =-1,0< ¢, < 1,
-1<c<0, |dlew< laswell ]

Proof of Lemma 7.3: Consideray = 1 = by, the othercasesbeingsimilar. Since
(bx—ay) - () = (0,0,0), we have casea) ratherthanb) of Claim 7.6. Therefore,
ax- ('sgnay,sgna,) > (0,0) which means(ay,a;) > (0,0). Now, apply Claim 7.6 to
i =y andget _
—ay) - ( sgnay, sgnaz, sgnay ) < (0,0,0),
(by y)(gygzglx) (0,0,0)
2(0,0) =

henceby < ay. If by < ay, we aredone.

So, be by = a,. This requiresa, - (sgna, sgnax) > (0,0). Combiningthat with
(ay,az) > (0,0) impliesa, > 0 for a, # 0 anday, = 0. Onemoretime, look at Claim
7.6t0 see (b,—a,) - (sgna,, sgnay, sgnay) < (0,0,0) andhb, < a,.

= 1

Let’sfinally excludethe possibilityof b, = a, by remarkingthatthismeansa~ b = a,
aselfloop. Such,on the otherhand,cannotoccurin PNGs,aseachC € € has0 ¢ C
andthusu ¢ P;(u) in Equation(7). O

Proof of Claim 7.7: Since,asa prerequisite¢o Theorem3.6,d; D is anextension

of (|- |w, |- |1) W.r.t. lexicographicabrdet everyarc— greedyor not— in G(€, D; P)
trivially obeys a).
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a
Forb), |al. = 1anda, # 1andrequire—1<a, < 1.1—a,=|b,—a,] < |b—a|w g) 1
furtherrestrictto 0 < a, < 1. Supposey; > 0, thenapplicationof Claim7.6toi = 3
yields
(1—az, any, any) = (b, — a,) -  sgna, sgnay, sgnay) < (0,0,0)
independenof which of thetwo casesactuallyholds.Hence a, > 1: a contradiction.
Therestof b) is obtainedby insertinga, = 0, b, = 1 into a).

—1< ax < 0implies—1 7<6 by a<) 1, therefore|by| < 1. Similarly, cases-1 < ay, < 0
and0 < ay < 1 yield |by| < 1. Analogousargumentsin casea, = —1 only gives
—1< by <0, butby=—1isruledoutby partb) of Claim 7.6. Finally, froma, =1
follows 0 < b, < 1, andagainb, = 1 prohibited: |b,| < 1, too. Togethenb|. < 1, the
claimof c).

Finally, partd): 0 < ay<1,s0-1<by <1 -1<ay<0,s0-1<by< —1. Even
foray, = —1, by = —1isimpossibledueto Claim 7.6b). The sameholdsfor b, = 1, so
0<b;< land|bl. < 1. O

Proof of Claim 7.6: Thereademill easilyverify that f : {+,0,-3 = {+,-}3,
k= (Ko,k1,ka) =+ Kigjig, i@ (k) :=i+min{j=0,12:ks; #0} (18)
is exactly theoneusedin Equation(11) andhasthefollowing property:
filkj=se{+,-} & s-(kkerke2)>0 = s-(kke)>0, (19)

Rememberthatw.r.t. lexicographicalbrderandfor x,y € IR, ue IR", v e IR™

(xY) (0,00 < (sgnxy) Z(0,0) <« (sgnx.sgmy) = (0,00  (20)
a> 0, V>0 — ®v_2 0 (21)
a> 0, Gov>0 Vv Vvei>0 = V>0 (22)
U®V = (UgVo,UoV1, - - . , UpVim, U1Vo, U1V1, ..., U1V, .. .. .. UnVo, UnV1, - . ., UnVim).

Thus,for se {+,-)3,

O,beca+Cs 2y =0,1,2: fi(sgnb-a)) =5 = fi(sgr(—a))
2 (b-aubor—asber—as2) s =10 > (00,0) (23)
A —(sgre,sgnaig1, Sgraie) s =: V > (0,0,0)
which by (21) yields, consideringonly thefirst 3 componentsf U’ @ V'
—57(bi — &) - ( sgna;, sgnai1, Sgnaig2) > (0,0,0) (24)

andin particular(s? = 1) parta) of theclaim. For b), bea; - ( sgnajs1, Sgnaiz2) < (0,0).
Hence 0 # —sgna; = fi(—sgna) = s = —Sig1 by definitionof f; and fig1. It suffices
to show b; # & sincetherestfollowsfrom (24).

To this end,supposen contrarya; = b;. Firstcomponentf Equation(23) vanishes:

(0,00<s- (bi@l — &g1, big2 — aieaz) = —Sag1- (b@l— Qig 1, Dig2 — ai@z)
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Applicationof (23)to i ¢ 1 insteadof i requiresthereversednequalityto hold, too:
= Sg1- (Die1—aig1,bis2 — as2) = (0,0), bi = & by assumption
implying (Sig1 # 0) a= b in contradictiorto the prerequisites.

Be now valid, for eachi = 0,1, 2, oneof casesa) andb); s := f (sgr(—a)) andwe
will prove —a,b— a € Czby verifying Equation(23). Suppose

(bi —a) - (sgnay, sgnaie1, sgrdie2) < (0,0,0).
Multiply by s = 1 > 0 accordingio (21) to find out

s - (bi—a) s (sgna;, sgnaiz1, Sgnaig2) < (0,0,0),

=u

u being < (0,0,0) by definition of 5 and(19). As u # (0,0,0), we have evenu <
(0,0,0) andmay concludes; - (b; — &) > 0, yielding Equation(23).
If (bi — &) - (sgnay, sgnaig1, Sgnaig2) = (0,0,0), necessarily; = a and(casea)

a - (sgnaig1,ais2) > (0,0). (25)

If 0+# sgng; = —s;, this means—s (sgna,@l,sgna,@z) > (0,0), andif 0= sgna;,
ki = — sgna; = 0 reduce<Equation(19)to —s - (sgna,@l,sgna,@z) (0,0), too. So,
takeprerequisitev.r.t. i1

(big1—aip1) - (sgna,@l,sgna,@z) (0,0)

andmultiply with 32 =1toendupats - (big1—as1) > (0,0). For ajg1 # big1, this
proves(23), sosupposequality Similarto above, this meangcasea)

az1- (Sgnaig2,sgng) > (0,0)  and  (big2— a&s2) - (SUnais2,SgMa;) < (0,0),

the latterfrom prerequisitdfor i @ 2. Therefore sz - (big2 — aig2) > (0,0). Equation
(25)finally requiress = sig1 for botha; = 0 anda; # 0. O
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