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Abstract. We presenanexternalmemoryalgorithmto computeawell-separated
pair decompositio(WSPD)of a given point setP in R in O(sort(N)) 1/Os us-
ing O(N/B) blocksof externalmemory whereN is the numberof pointsin P,
and sort(N) denotesthe /O complexity of sorting N items. (Throughoutthis
paperwe assumehat the dimensiond is fixed). We alsoshaov how to dynami-
cally maintainthe WSPDin O(loggN) I/O’s perinsertor deleteoperationusing
O(N/B) blocksof externalmemory As applicationof the WSPD,we shav how
to computealinearsizet-spannefor P within thesamd/O andspaceéboundsand
how to solve theK-nearesheighborandK-closesipair problemsn O(sort(KN))
andO(sort(N + K)) 1/0s usingO(KN/B) andO((N + K)/B) blocksof external
memory respectirely. Using the dynamicWSPD,we shav how to dynamically
maintainthe closestpair of P in O(loggN) 1/O’s perinsertor deleteoperation
usingO(N/B) blocksof externalmemory

1 Intr oduction

Many geometricapplicationgequirecomputationsnvolving the setof all distinctpairs
of points(andtheirdistancesjrom asetP of N pointsin d-dimensionaEuclidearspace
(e.g.nearesnheighborfor eachpoint). Voronoidiagramsandmulti-dimensionalivide
andconquerarethetraditionaltechniquesisedfor solving severaldistancebasedyeo-
metricproblemsgspeciallyin two andthreedimensionsBut in d dimensionstheworst
casesizeof Voronoidiagramsanbe Q(NL9/2l), anddivide andconquemill requirean
exponentin the polylog factordependingon the dimension CallahanandKosaraju6]
introducedthe WSPDdatastructureto copewith higherdimensionalgeometricprob-
lems.It consistof abinarytreeT whoseleavesarethe pointsin P, with internalnodes
representinghesubset®f pointswithin thesubtreeandalist of “well-separated’pairs
of subset®f P, eachof whichis anodein T. Intuitively a pair { A, B} is well separated,
if the distancebetweenA andB is significantlygreaterthanthe distancebetweenary
two pointswithin A or B. It turnsoutthatfor mary problemsit is sufficientto perform
only a constannumberof operationon pair {A,B} insteadof performing|A||B| sepa-
rateoperationon the correspondingpairsof points.Moreover for fixedd, a WSPDof
O(N) pairsof subsetcanbe constructedThis hasresultedn fastsequentialparallel,
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anddynamicalgorithmsfor a numberof problemson point-setsHerewe extendthese
resultsto externalmemory

Previous Work In the Parallel Disk Model (PDM) [16], thereis an externalmemory
consistingof D disksattachedo a machinewith internalmemorysizeM. Eachof theD
disksis dividedinto blocksof B consecutre dataitems.Up to D blocks,atmostoneper
disk,canbetransferredetweerinternalandexternalmemoryin asinglel/O-operation.
The compleity of analgorithmin the PDM modelis the numberof I/O operationst
performs Relevantresearchwork in the externalmemory(EM) settingcanbefoundin
the surwey of Vitter [15]. In the PDM modelit hasbeenshowvn thatsortingan arrayof
sizeN takessort(N) = ©((N/DB)logy s (N/B)) 1/0s[16, 15]. Scanninganarrayof
sizeN takesscar(N) = ©(N/DB) I/Os.

For the geometricproblemsdiscussedn this paper the bestresourcesvill be[10]
for WSPDandits applicationsand[14] for resultson proximity problemsWe omit the
discussioron the stateof the art, importanceandsignificanceof theseproblemshere
dueto thelack of spaceandreferthereaderto thesereferences.

New Results In this paperwe presentexternalmemoryalgorithmsfor the following
problemsfor a setP consistingof N pointsin d-dimensionaEuclideanspacein Sec-
tions 3 and 4, we presentan algorithmto computethe WSPD datastructurefor P;
it requiresO(sort(N)) 1/0s using O(N/B) blocks of externalmemory In Section5,
we presentan algorithmto dynamicallymaintainthe WSPD in O(loggN) 1/O’s per
insert/deleteoperationusing O(N/B) blocks of externalmemory In Section6.1, we
presentan algorithm to computea linear size spannerfor P; it requiresO(sort(N))
I/0s usingO(N/B) blocksof externalmemory Choosingspanneedgescarefully, we
can guaranteea diameterof 2logN for the constructedspannerWe also shav that
Q(min{N,sort(N)}) I/Os arerequiredto computeary t-spanneof a given point set,
for any t > 1. In Section6.2, we presentan algorithmto computeK-nearesmeigh-
bors, i.e. for eachpoint a € P, computethe K-nearestpointsto a in P — {a}; this
takes O(sort(KN)) 1/0s using O(KN/B) blocks of externalmemory In Section6.3,
we presentanalgorithmto computeK -closespairs,i.e. reportthe K smallestinterpoint
distancesn P; this takesO(sort(N + K)) 1/0s usingO((N + K)/B) blocksof external
memory In Section6.4, we presentan algorithmto dynamicallymaintainthe closest
pair of P in O(loggN) 1/O’s per insertor deleteoperationusing O(N/B) blocks of
externalmemory

In [5] an O(logg N) algorithmfor the dynamicclosestpair problemin higher di-
mensionds given. Their approactusesthe TopologyB-tree datastructure For the re-
mainingproblemspur resultsarethe only efficient externalmemoryalgorithmsknown
in higherdimensionsFor theK-nearesheighborandK-closestpair problemsoptimal
algorithmswerepresentedh [12] for thecasewhered = 2andK = 1.In [2] it is shavn
thatcomputingthe closestpair of a point setrequiresQ(sort(N)) 1/Os, which implies
the samelower boundfor the generalproblemswe considerin this paper I/O-efficient
constructionof fault-tolerantspannersand boundeddegreespannerdor point setsin
the planeand of spannerdor polygonalobstaclesn the planehasbeendiscussedn
[13].



2 Preliminaries

For a givenpoint setP, the boundingrectangleR(P) is the smallestrectanglecontain-
ing all pointsin P, wherea rectanglds the Cartesiarproduct[xy,X}] x [X2,X5] x - -- X
[xd,Xx;] of a setof closedintervals. The lengthof R in dimensioni is i(R) = X — ;.
The maximumand minimum lengthsof R are Imax(R) = max{li(R) : 1 <i < d} and
Imin(R) = min{l;(R) : 1 <i < d}. Whenall lengthsof R areequal,Ris acube;we de-
noteit’s sidelengthby I(R) = Imax(R) = Inin(R). Let imax(R) be the dimensionsuch
thatli,.,(R) = Imax(R). For a point setP, let [i(P) = I;(R(P)), Imax(P) = Imax(R(P)),
Imin(P) = Imin(R(P)), andimax(P) = imax(R(P)). Let d(x,y) denotethe Euclideandis-
tancebetweenpointsx andy. For point setsX andY, let d(X,Y) = min{d(X,y) : x €
XAy € Y}. Givenasepaation constants, we saythattwo pointsetsA andB arewell-
separatedf R(A) and R(B) canbe enclosedn two d-balls of radiusr suchthat the
distancebetweernthetwo ballsis atleastsr. We definetheinteractionproductA® B of
two pointsetsA andB asA® B = {{a,b} : a€ AAb e BAa# b}. A well-sepaated
realizationof A® Bis aset{{A1,B1},...,{Ax, Bk} } with thefollowing propertied9]:

(R1) AACAandB; CB,for1<i<k,

(R2) ANB =0,for1<i <k,

(R3) (A®B)N(Aj®@Bj)=0,for1<i< j<Kk,
(R4) A®B= ;A ®B..

(R5) A andB; arewell-separatedpr 1 <i <k.

Intuitively, this meansthat for every pair {a,b} of pointsa € A andb € B, thereis
a uniquepair {A;,B;} suchthata € A; andb € B; andthatfor ary pair {A;,B;} the
distancebetweerthe pointsin oneof thesetsis smallcomparedo thedistanceébetween
thesetsWe canuseabinarytreeT to definea partition of apointsetP into subsetsin
particular thereis aleafin T for eachpointin P. An internalnoderepresentshe setof
pointsassociatedvith its descendanieaves.We refer to a noderepresenting subset
A C P asnodeA. A leafrepresentingointa € P is referredto asleaf a. The parentof
anodeAin T is denoteddy p(A). We saythatarealizationof A® B usesatreeT if all
setsA; andB; in the realizationarenodesin T. A well-sepaatedpair decomposition
of apointsetP is abinarytreeT associateavith P anda well-separatedealizationof
P® P thatusesT. A split of a point setP is a partition of P into two non-emptypoint
setslying on eitherside of a hyperplaneperpendiculato one of the coordinateaxes,
andnotintersectingary pointsin P. A splittreeT of P is abinarytreewhosenodesare
associatedvith subsetof P, definedasfollows: If P = {x}, T containsa singlenode
X. Otherwisewe usea split to partition P into two subset$?;, andP,; T consistsof two
split treesfor point setsP; and P, whoserootsarethe childrenof the root nodeP of
T.ForanodeA in T, we definethe outerrectangleR(A) asfollows: For theroot P, let
R(P) beanopend-cubecenteredat the centerof R(P) with |;(R(P)) = Imax(P). For all
othernodesA, the hyperplanaisedfor thesplit of p(A) dividesR(p(A)) into two open
rectanglesLet R(A) betheonethatcontainsA. A fair split of A is asplit of Awherethe
hyperplanesplitting A is at distanceat leastlmax(A) /3 from eachof the two boundaries
of R(A) paralleltoit. A split treeformedusingonly fair splitsis calleda fair split tree
A partial fair split treeis definedin the sameway; but the leavesmay represenpoint
setsinsteadof singlepoints.



3 Constructing a WSPD

In this sectionwe assumehatwe aregivenafair splittreeT = (V, E) for apointsetP.
Also, let everyinterior nodeA of T belabeledwith its boundingrectangleR(A). Every
leafis labeledwith the pointit representsGiventhisinput,we shov how to find awell-
separategbair decompositiorof P I/O-efficiently. In the output,every pair {A;,Bi} in
the WSPDwill berepresentedly thelDs of thetwo nodesA; andB; in T.

Our approachs basedn [9], which we sketchnext. Givena postordettraversalof
T, denotethe postordemumberof a nodeA in T by n(A). Definean ordering< on
the nodesof T asA < B if andonly if eitherlnax(A) < Imax(B) Or Imax(A) = Imax(B)
andn(A) < n(B). Giventhe sequenc®f nodesin T sortedby >, definev(A) to bethe
positionof nodeA in this sequence.

Denotetheinternalmemoryalgorithmof [9] to constructa well-separatedealiza-
tion of P® P by CoMPUTEWSR. It takesthe tree T asan input. For every internal
nodeX of T, let A andB bethetwo childrenof X. ThenCoMPUTEWSR callsa pro-
cedureFINDPAIRS with argument(A, B). Givena pair (A',B') asaninput, procedure
FINDPAIRs doesthe following: Firstit ensureghatB’ < A, by swappingA’ andB' if
necessanff A' andB' arewell-separatedhepair{A’,B'} isaddedo thewell-separated
realization.OtherwiseJet A1 andA; bethechildrenof A’ in T. The procedurénvokes
itself recursvely with pairs(A},B') and(A,,B') asarguments.

The recursve invocationpatternof procedureFINDPAIRS canbe describedusing
theconcepif computatiortrees Therootof suchatreeT’ is apair {A, B} suchthatA
andB arethechildrenof aninternalnodeX of T. A node{A,B'} in T’ isaleafif A’ and
B' arewell-separatedOtherwise Jet B' < A’ andA; andA, be thetwo childrenof A';
thennode{A',B'} hastwo children{A],B'} and{A,,B'} in T’. TreeT’ representshe
recursve invocationsof procedurd=INDPAIRS madeto computearealizationof A® B.
Everyleafof T’ correspond#o apair {A;, B; } in thewell-separatedealizationof P P.
In [9] it is shawn thatthereareonly O(N) pairsin this realization,which impliesthat
thetotal sizeof all computatiortreesis O(N).

We simulateCoMPUTEWSR in external memoryby applyingtime-forwad pro-
cessing[11] to the forestof computationtrees.The difficulty is thatthis forestis not
known in advance andwe have to generatét onthefly while processingt.

We usethe split tree T to guidethe processingof F. Assumethat we are given
theforestF = (Ve, Eg) of computatiortreesandthefair splittreeT = (V, E). We sort
thenodesof T by the --relationanddefinea mappingu: Ve — V asu({A,B}) = A,
assumingv.l.0.g.thatB < A. Thismappingnaturallydefinesanedgesetp(Er) between
the verticesin V aspu(Er) = {(u(v), (w)) : (v,w) € Er}. Note that uy(Er) maybea
multiset. Given this mappingp we process= by applyingtime-forward processingo
the multigraphp(F). In particular we processhe nodesof p(F) sortedby =, which
guaranteeghat we processthe sourcevertex of every edgebeforethe target vertex.
Indeed for ary edge(A, A) in u(Eg), either{A A’} is avertex in F with A' < Aor A’
is achild of A, which alsoimpliesthatA’ < A.

As F is not givenbeforehandye have to showv how to generatehe edgesof p(F)
while processingi(F). For every nodeA € V with childrenA; andA,, we storea label
A(A) consistingof v(A1), V(A2), R(A1), andR(Az). Givenanedge({A,B},{A,B}) €
Er, where A’ is a child of A in T, the information @(u({A,B})) sentalong edge



(L({A,B}), ({A',B})) consistsof v(A'), v(B), R(A'), andR(B). Now considera node
A €V receving sometuple describingpair {A,B} asinput. We have to shav how to
generatethe two children {A1,B} and {A2,B} of {A,B} in F (if ary) aswell asthe
two edgeq A, u({A1,B})) and(A, u({A2,B})) from thisinputandthelabelA(A). From
the receivedinformation,decidewhetherA andB arewell-separatedlf they are,add
{A, B} to the well-separatedealization,and proceedto the next input received by A.
Otherwise astheinput hasbeensentto A, B < A. Hence,{A1,B} and{A>,B} arein-
deedthetwo childrenof {A,B} in F. Generatehe descriptionof thesetwo pairsfrom
the receved informationaboutB andthe informationaboutA; andA; storedin A(A).
Comparev(A;) andv(Ay) with v(B) to computep({A1,B}) and u({A2,B}). Queue
{A1, B} with priority v(u({A1,B})) and{A2, B} with priority v(u({A2,B})).

To boundthe I/0O-complexity of this procedurepbsenre that we queuea constant
amountof informationper edgein F. As thereare O(N) edgesn F, applyingknown
results[11, 1] abouttime-forwardprocessingwe obtainthe following lemma.

Lemma 1. Givena setP of N pointsin RY, a fair split tree T of P with O(N) nodes
and a sepaation constants > 0, a well-sepaatedrealizationof P canbe computedn

O(sort(N)) 1/0susingO(N/B) blodksof externalmemoryTogetherwith T this givesa

well-sepaatedpair decompositiorof P.

4 Constructing a Fair Split Tree

Our algorithmto constructa fair split treeT for a givenpoint setP follows the frame-
work of the optimal PRAM algorithmin [4].1 The ideais to constructT recursvely.

First we constructa partial fair split tree T' whoseleaveshave size O(N®) for some
constantl — G—%j < a < 1. Thenwerecursvely build split treesfor the leaves,proceed-
ing with an optimal internal memoryalgorithmfor every leaf whosesize is at most
M. We will showv how to implementone suchrecursve stepin O(sort(N)) 1/Os using
O(N/B) blocksof externalmemory which leadsto the following result.

Lemma 2. Givena setP of N pointsin RY, a fair split treefor P canbe computedn
O(sort(N)) 1/0Os usingO(N/B) blodksof externalmemory

FromLemmasl and2 we obtainthe following result.

Theorem1. Givena setP of N pointsin RY anda sepaation constants > 0, a well-
sepaatedpair decompositiofior P canbecomputedn O(sort(N)) I/OsusingO(N/B)
blocksof externalmemory

To constructa partial fair split tree T, we first constructa compressedersionT; as
in [4]. First eachdimensionis partitionedinto slabscontainingN® pointseach.Every
rectangleR associatedvith a nodein T; satisfiesthe following threeinvariants:(1)
In eachdimensionat leastonesideof R lies on aslabboundary;(2) If R is thelargest
rectanglecontainedn Rall of whosesidesfall ontoslabboundariestheneitherl;(R') =
li(R) or li(R) < %Ii(R); (3) Imin(R) > %ImaX(R). Now if we wantto split rectangleR
associatedvith aninternalnodev into smallerrectanglesye split R alongits longest

1 We do not simulatethe PRAM algorithmasthis would leadto amuchhigherl/O complexity.



side accordingto the following threecases(1) Imax(R) = li,.(R): We find the slab
boundarythatcomesclosesto splitting R into equal-sizegieceslf this slabboundary
is atdistanceatleast%lmax(R) from eithersideof R, we split R alongthis slabboundary
Otherwisewe split Rinto two equal-sizegieces This caseproduceghetwo resulting
rectangles}; andRy. (2) Inax(R) > &Imax(R): If liya(R) > 3Imax(R), we split Ralong
the sideof R’ thatis not sharedwith R. Otherwise we find the uniqueinteger j such
thaty = 2 (2)' Imax(R) liesin theintenal (3, 2] Imax(R) andsplit alonga hyperplane
thatis at distancey from the slabboundarysharedoy R andR. This caseproduces
therectanglecontainingR . Theotherrectanglds beingignoredfor thetime being;we
reattachit later (3) Imax(R) < 8§1Imax(R): In this case R andR sharea uniquecorner
We constructa d-cubesharingthe samecornerwith R andwith sidelength %Imax(R’).
This caseproducesthe cubeC. Later we have to constructa sequencef fair splits
cuttingRdownto C.

Theconstructiorof T, takesO(sort(N)) I/Os usingstandardxternal-memongraph
techniguesThereattachmenof the missingCase2 leavestakessortingandscanning.
Next we describehow to expandcompresseédgescorrespondingo a Case3 split.

Sucha Case3 edgecorrespondgo a rectangleR that hasbeen“shrunk” to a d-
cubeC with the following properties(P1)C andR shareexactly onecorner andC is
containedin R. (P2) Any rectanglecontainedin R andnot intersectingC containsat
mostO(N%) points.(P3)I(C) < &lmax(R) andlmin(R) > 3Imax(R).

Properties?1 and P3 guarantedhat thereexists a sequencef fair splits that pro-
ducesC from R. PropertyP2 guaranteethatfor every split in this sequencethe rect-
angle not containingC can be madea leaf of T'. We shav how to constructthese
sequencesf fair splitsfor all Case3 edgesn O(sort(N)) 1/Os. We alsohave to assign
the pointsin P to the containingleavesof T', asthis informationis neededor the next
level of recursionin thefair split treeconstructioralgorithm.

Every pointof P is containedn someleafrectangleor in someregion R\ C, where
(R,C) is a compresse@dgeproducedby Case3. We computean assignmenbf the
pointsin P to theseregionssimilarly to the correspondingtepin the optimal PRAM-
algorithmin [4]. This takesa constannhumberof sortingandscanningsteps.

To replaceeachedgecorrespondingo Case3 by a sequencef fair splits, we sim-
ulate one phaseof the sequentiablgorithmof [9]. We sortthe pointsin R\ C in each
dimension producinga sortedlist LR of pointsfor eachdimensioni. Considerthe cur-
rentrectangleR which we wantto splitin dimensionimay, producingrectangle®®; and
R, whereR; containghecubeC. If Imax(R) > 3I(C), split Rin half. Otherwisechoose
a hyperplanecontaininga side of C for the split. We uselist Lﬁnax to decidewhether
thereareary pointsin Ry. If so,we performa split producingtwo nen nodesR; and
R, of T” andassigningthe pointsin R; to the leaf R,. Otherwise shrink R to Ry, not
producingary newv nodes.ShrinkingR doesnot costany 1/0s asthe coordinateof R
aremaintainedn internalmemory This approactensureshatalinearnumberof splits
areperformedin the numberof pointsin R\ C. Thus,in total only O(N) splits for all
edgeqR,C) to beexpandedareperformedWe have to shav how to maintainthe lists
LR representinghe setof pointsin the currentrectangleRr.

Assumethat we split R in dimensioni andthat this produceswo new rectangles
R; andR;. Ry containsthe cubeC andR; doesnot. We scanLR from the tail until we



find the first point thatis in Ry. All pointsafter this positionin LR arenotin Ry and
are thereforeremoved and put into the point list of leaf R,. As Ry is goingto actas
rectangler for the next split, we needto deleteall pointsin R, from all lists LJR. The
above scantakescareof deletingthesepointsfrom LR. However, we cannotafford to
deletethesepointsfrom all the otherlists LJR, j # 1, becausehis would causemary
randomaccessesr would requirea scanover all thesdlists persplit. Insteadwe delete
pointslazily. Whensplitting therectangleR; in dimensionj, which producesectangles
R3 andR4, whereRz containsC, we scanLJR from thetail until we find thefirst pointin
Rs. For eachpoint visited by this scanwe testwhetherit is in Ry. If it is, it is appended
tothepointsetof leaf Ry. Otherwiseasit is notin R3 andnotin Ry, it mustbecontained
in aleaf producedoy a previous split andcanthereforebe discardedIn total, we scan
every list atmostonce for atotal of O(scar{N)) 1/Os.

Up to this point, the constructioralgorithmhasin factcomputeda “supertree” T”
of T, as someleaves producedby the algorithm may be empty Even thoughsome
leavesof T” areempty thesizeof T” is O(N) [4]. Thus,giventhe assignmenof point
setsto the leavesof T” ascomputedabove, it takes O(sort(N)) I/Os using standard
externalmemorygraphtechniquego remove emptyleavesandall internalnodessuch
thatall descendanieavesof atleastoneof its two childrenareempty Theresultis the
desiredpartialfair split treeT’.

5 Dynamic Well-SeparatedPair Decomposition

Dynamic Fair-Split Tree We presentanl/O-efficientalgorithmfor dynamicallymain-
tainingthefair-split treeusingO(logg N) 1/Os perinsertor deleteoperation We follow
theapproactof [8].

The main ideais to maintaina rectangleR(A), suchthat R(A) C R(A), for each
nodeA € T thatis notmodifiedduringupdatesA fair cut of ary rectangleR is defined
aspartitioningtherectangleusinganaxis-parallehyperplandhatis at distanceatleast
%ImaX(R) fromits nearesparallelsides Notethatafair cutof FNQ(AN\) satisfieghefair split
conditionon R(A), sincelmax(R(A)) < Imax(R(A)) andR(A) C R(A) atary momentin
time. Let R — R indicatethatR canbe constructedrom R by asequencef fair cuts.

We maintaina binary tree T underinsertionsand deletionsin which eachnodesat-
isfiesthe following invariants:

(11) For all internalnodesA with childrenA; andAy, thgreexistsafair cgtthat parti-
tionsR(A) into rectangles}; andR; suchthatR; — R(A1) andR; — R(A).
(12) Forall leavesa, R(a) = a.

It is easyto seethatT is afair-split tree.Invariantl1 ensureghe existenceof afair cut,
which satisfieghefair split property

Insertion: Whenwe wantto inserta point a, we find the deepesnhodeA in T such
thatae F~2(A). Let R; andA; have thesamemeaningasin Invariantll andassumehat
a € R;. Weinserta new nodeB, which replacesA; asa child of A. We make A; anda
childrenof B. We shav how to constructR(B) satisfyinglnvariantld.



Considernvariantl1 for nodeA. SinceR; — R(A;), thereexistsa sequencef fair
cutsthatconstructR(A;) from Ry. Clearly the lastrectangleR in the sequencef cuts
thatsatisfiesa € R canbe assignedisR(B). However, this doesnot give usanefficient
way to find R(B), sincethe sequencef cutsmaybelong. In [8] it is shavn thatgiven
thedeepeshodeA, R(B) canbe computedn constantime.

We cancomputeA usingO(logg N) I/Os by posingit asa deepest-intersecjuery
ontheTopologyB-tree[5].

Deletion: To deletea point a, deletethe leaf a and compresshe parentnode p(a).
Notethatthis preserestheinvariants.

Theorem2. Thefair-split treeof a point setP can be maintainedusingO(N/B) disk
blocksandO(logg N) I/Os perinsertor deleteopetation.

Maintaining the pairs dynamically We follow the approactof [8]. We usethefollow-
ing characterizatiorof well-separategbairs. An orderedpair of nodes(A,B),A\Be T
is well-separatedf andonly if it satisfieghefollowing conditions:

1. ThepointsetsA andB arewell-separated,
2. Nodesp(A) andB arenotwell-separatedand

3. Imax(R(B)) < Imax(R(P(A))) < Imax(R(p(B))).

It is easyto constructexampleswherethe insertionof a new point canadda linear
numberof well-separategbairs. Thus,we cannotdo a trivial updateof the pairsupon
insertionor deletion.The mainideaof the approactis to anticipateall but a constant
numberof pairsthatwould be addedwhena new pointis inserted So,whena pointis
insertecor deletedwe needto updateonly aconstanhumberof pairs.In [8] it is shovn
thatthis invariantcanbe maintainedonly if the point distribution of P is uniform. If it
is not uniform, we adddummy pointsto make it uniform. In [8] it is shawvn thatit is
necessaryo addonly O(1) dummypointsperwell-separategair.

Whena point p is inserted we computea c-approximatiorof the distancebetween
p andits nearesneighborin P, for someconstantt = f(s). In [5] it is shavn how to
computetheapproximatenearesheighborin O(logg N) 1/0Os usinga TopologyB-tree.

Let dp betheapproximatedistancecomputedabove. It canbe shavn thattheinter-
actionsbetweenp andpoints{q € P | d(q, p) > dp} arealreadycoveredin thecurrent
WSPD.We needto computewell-separategairsthataccountfor interactiondbetween
p andpointswithin distanced, from p. The numberof suchpairsneededs O(1). We
cancomputethesepairsasfollows:

Extractall nodesA € T whoseboundingrectanglesR(A) overlapthe cubeC cen-
teredat p with lengthl (C) = d, andsatisfythe conditionsof aWSPDdefinedearlierin
this subsectionThis canbe doneby filtering C througha Topology-B-treethat corre-
spondgo thefair-splittree.Sincethenumberof pairsextractedis O(1), we canperform
this extractionusingO(logg N) 1/O’s.

We needto add dummy pointsto make surethat the region covering the newly
computedpairs (A,B) is uniform. Note that for the existing pairs, we have already
addedthe requireddummypoints.A straightforvardway is to adda meshof suitably
spacedointscoveringtheregion aroundR(A) andR(B). We insertthe dummypoints



andcomputethe pairscorrespondingo themasdescribedabove. The total numberof
dummypointsaddeds O(1) andthenumberof pairsaddedo theWSPDis O(1). Thus,
theentireprocesgequiresO(logg N) 1/0s. The deletionof a point p canbetakencare
of usingasimilar procedure.

Theorem 3. Let P bea setof N pointsin RY. Thewell-sepaatedpair decomposition
of P with respecto a fair-splittreeT canbemaintainedunderinsertionsanddeletions
usingO(logg N) 1/0s per updateand O(N/B) diskblocks.

6 Applications of the WSPD

6.1 t-Spanners

GivenapointsetP, let G = (P, E) beagraphwhoseedgeshave weightscorresponding
to theEuclideardistancebetweertheirtwo endpointsG is calledat-spannefor P if for
ary two pointsp andq in P, theshortespathfrom p to g in G is at mostt timeslonger
thanthe Euclideandistancebetweenp andg. In [9] it is shavn thatthefollowing graph
G = (P,E) is at-spannenf linearsizefor the point setP: For everynodeA € T choose
arepresentatie q(A) € A. For everypair {A;,B;} in thegivenWSPDof P, addanedge
{a(Ai),q(Bi)} to E. In [3] it is showvn thatone cancomputea spanneiof diameterat
most2logN by choosingrepresentatiescarefully. In particular we partitionthe edges
in T into heary andlight edgesGivenanodeA with childrenA; andAy, edge(A, A1)
is heary andedge(A,Ap) is light if |A1| > |Az|. Otherwise.edge(A,Ap) is heary and
edge(A,A;) is light. Every nodeof T is containedin a uniquechainof heary edges
startingat aleaf. For nodeA, let g(A) betheleaf whosechaincontainsA.

This assignmenbf representaties corresponddo sendingrepresentaties up the
tree; at every node A receving representatie (A1) andq(Az) from its children,we
chooseq(A) asthe onesentalongthe heary edge.The decisionwhich edgeis heary
canbe madeby sendingsizes|A1| and |Az| alongwith the representatie q(A;) and
g(A2). This canbedoneusingtime-forwardprocessing.

Theorem4. Givena setP of N pointsin RY, it takes O(sort(N)) 1/0s and O(N/B)
blocks of external memoryto computea t-spannerG of linear sizeand diameterat
most2logN for P.

The next theoremstatesthat the I/0O-compleity of the spanneiconstructionis practi-
cally optimal.

Theorem5. It takes Q(min{N,sort(N)}) I/Os to computea t-spannert > 1, for a
pointsetP of N pointsin RY.

Proof. We prove the lemmafor d = 1. The proof generalizedo higher dimensions
by placingall pointson a straightline in RY. Givena list X of itemsxy,...,xy and
a permutationo : [1,N] — [1,N], we arefinally interestedn computingthe sequence
Xa(1); - - - » Xa(N) - LEt O begivenasasequenc&= (o(1),...,0(N)). We mapdataitemx;
to thepointi +% ando(i) to thepointo(i). Any t-spannert > 1, of theresultingpoint
setmustcontainedgeso(i), X)) . Wefirstremoveall edgeghatarenotof thistypeand



thenreversethe permutationperformedon elementso(i) by the spannerconstruction
algorithmto arrangethe remainingedgesin the order (o(1),Xg(1)), - - -, (G(N), X5(n) ) -
This reversalcanbe doneby recordingthe I/Os performedby the spanneconstruction
algorithm and playing this I/O-sequencéackward, exchangingthe meaningof read
andwrite operations.

The constructionof the point settakes O(scar(N)) 1/0s. The reversalof the per
mutationtakes O(Ts(N)) 1/Os, whereTs(N) is the I/O-complexity of the spanneral-
gorithm. In total, we cancomputeary permutationin O(Ts(N)) I/Os, sothatTs(N) =
Q(permN)) = Q(min{N,sort(N)}). m|

6.2 K-NearestNeighbors

In this sectionwe shov how to computethe K-nearesheighbordor every point p € P.
Theconstructiorfollows the sequentiahlgorithmin [9] for this problem.

Lemma3 ([9]). Let {A,B} be a pair in a well-sepaated realizationof P ® P with
sepaations> 2. If thereis a pointb € B thatis a K-neaestneighborof a pointa € A,
then|A| < K.

GivenasetB, let Og bethe centerof R(B). Thenwe divide the spacearoundB into
a constantnumberof coneswith apex Og suchthatfor ary two pointsa anda’ in the
samecone,/a0pd < 577

Lemma4 ([9]). Leta point setX anda conec with apex Og be given, sud that for
anytwo pointsa anda’ in ¢, Za0ga < g77. LetXe = (xg,.-.,%) bethesetof pointsin
X thatlie in c, sortedby distancefrom Og. For i > K, no pointin B canbea K-neatest
neighborof x;.

Basedon Lemmas3 the algorithmin [9] first extractsall pairs{A;, B} with |Aj| < K.
This canbe donein O(sort(N) + scar{KN)) 1/Os usingtime-forward processingand
areversepreordertraversalof T. ForanodeB in T, let {A},B},..., {A;, B} betheset
of pairssuchthat |A{| < K. Note thatthe setsA] are pairwisedisjoint. We storethe set
f(B) = Ul_, Al asa candidatesetat nodeB in T. The constructiorof setsf(B) takes
sortingandscanningandthusO(sortKN)) 1/0s. Thenthesetof candidatess narraved
down by atop-dowvn proceduren T, which canberealizedusingtime-forwardprocess-
ing. At therootnodeB of T, thealgorithmpatrtitionsthe spacearoundOg into conesas
describedhbove andusesK-selectionin eachconeto find theK pointsin f(B) thatfall
into thisconeandareclosesto Og. By Lemmad4, all otherpointsin f(B) cannothavea
K-nearesheighborin B. Call theresultingsetof pointsN(B). As N(B) containsatmost
K pointsperconeandthereareO(1) cones|N(B)| = O(K). ThesetN(B) is passewn
to the childrenB; andB; of B. The pointspossiblyhaving a closesteighborin B; are
in theset f (B;) UN(B). Thus,thealgorithmappliesthe sameK-selectionalgorithmto
this setto constructN(B;) andpasst onto B;’s children.As we sendonly O(K) points
alongevery edgeof T, thistakesO(sort(KN)) 1/Os.

Finally everyleafb storesasetN(b) of sizeO(K) suchthatb is apotentialk -nearest
neighborfor thepointsin N(b). Thetotal sizeof all thesesetsis O(KN). Now we build
setsN’(a) for all pointsa € P suchthatb € N'(a) if andonly if a € N(b) andapply



K-selectionto eachsetN’(a) separatelyo find the K-nearesheighborof pointa. This
takessortingof KN pointsanda standardK -selectionalgorithm,hence O(sort(KN))
I/Os.

Theorem 6. Givena setP of N pointsin RY, it takesO(sort(KN)) I/0sand O(KN/B)
blodks of externalmemoryto find the K-nearestneighbos for all pointsin P.

6.3 K-ClosestPairs

Givenawell-separatedealizationof P® P, letthepairs{A;, B; } besortedby increasing
distancesl(R(A),R(Bj)). For ary suchpair, |Aj x B;j| = |Aj||Bi|. To find the K closest
pairs,we first determinethesmallest suchthaty',_, |Aj[|Bj| > K andretrieve all pairs
{A,B} suchthatd(R(A),R(B)) < (1+4/s)r, wherer = d(R(A),R(Bi)). We extractthe
setof pairs{a, b} suchthata € A andb € B for somepair {A, B} thatwe retrieved.

In [7] it is shawn thatthe K closestpairsare amongthe extractedpoint pairsand
thatthetotal numberof extractedpoint pairsis O(N + K). Giventhis setof point pairs,
we apply K-selectionagainto find the K closestones.Givenall point pairs,this takes
O(scar(N + K)) 1/Os. We have to shav how to extractall candidatepairs{a, b}.

Sortingthe pairs{A;, B} by their distancesl(R(A;),R(B;)) betweerthe bounding
rectanglegakes O(sort(N)) 1/Os. Thenit takesa singlescanto extractall pairswith
d(R(A),R(B)) < (1+r/s)r. We extractthe pointsin setsA; andB; in the sameway
asin the previous sectionandsorttheseat mostO(N + K) pointsto guarante¢hatthe
pointsin the samepair {A;, Bi } arestoredconsecutrely. We cannow constructhe set
of all candidatepoint pairsby scanningheresultingpointlist. We obtainthefollowing
result.

Theorem7. Givena setP of N pointsin RY, it takesO(sort(N 4+ K)) I/Osand O((N +
K)/B) blocks of externalmemoryto computetheK closestpairsin P.

6.4 Dynamic ClosestPair

We shov how to maintainthe closestpair of pointsin P underinsertionanddeletion.
We make thefollowing simpleobsenation:

Lemma5. LetP bea pointsetof n pointsin RY. Let (a,b), a,b € P betheclosestpair
in P. Then thepair {{a},{b}} belongsto thewell-sepaatedpair decompositiorf P.

Proof. Let (A,B) bethepairin thewell-separatedecompositiorsuchthatae A,b € B
andb is anearesheighborof a. Applying Lemma3, we have |A| = 1. Similarly, ais a
nearesheighborof b. By Lemma3, we have |B| = 1. o

Denotethewell-separategairsof theform {{a}, {b} } assingletonpairs.We main-
tainthesingletonpairsin a B-treebasedn the distancebetweerthem.Theclosesipair
is the singletonpair with minimumdistance.

During aninsertor deleteoperation,updatethe well-separategbairsandinsertor
deletethe singletonpairsin the B-tree, respectiely. Sinceonly O(1) well-separated
pairschangeduringaninsertor deleteoperationwe obtainthefollowing theorem.

Theorem8. Let P bea point setof n pointsin RY. Theclosestpair in P canbe main-
tainedusingO(logg N) 1/0s perinsertor deleteopemtion.
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