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Abstract. Multiple hoproutingin mobileadhocnetworkscanminimizeenergy
consumptionand increasedatathroughput.Yet, the problemof radio interfer-
encesremains.However if the routesarerestrictedto a basicnetwork basedon
local neighborhoods,theseinterferencescanbereducedsuchthatstandardrout-
ing algorithmscanbeapplied.
We comparedifferentnetwork topologiesfor thesebasicnetworks with respect
to degree,spanner-properties,radiointerferences,energy, andcongestion,i.e. the
Yao-graph (aka.

�
-graph)andsomealsoknown relatedmodels,which will be

called the SymmY-graph (aka.YS-graph),the SparsY-graph (aka.YY-graph)
andtheBoundY-graph.Further, wepresentapromisingnetwork topologycalled
theHL-graph (basedon HierarchicalLayers).
Further, we comparethe ability of thesetopologiesto handledynamicchanges
of thenetwork whenradiostationsappearanddisappear. For thiswemeasurethe
numberof involvedradiostationsandpresentdistributedalgorithmsfor repairing
thenetwork structure.

1 Moti vation

Our researchaims at the implementationof a mobile ad hoc network basedon dis-
tributedrobustcommunicationprotocols.Besidesthetraditionaluseof omni-directional
transmitters,wewantto investigatetheeffectof spacemultiplexingtechniquesandvari-
abletransmissionpowerson theefficiency andcapacityof adhocnetworks.Therefore
ourradioscansendandreceiveradiosignalsindependentlyin � sectorsof angle� using
onefrequency. Furthermore,our radiostationscanregulateits transmissionpower for
eachtransmittedsignal.To show that this approachis alsosuitablein practicalsitua-
tions,wearecurrentlydevelopingacommunicationmodulefor themini robotKhepera
[11,8] that cantransmitandreceive in eightsectorsusinginfraredlight with variable
transmissiondistancesup to onemeter, seeFig. 1. A colony of Kheperarobotswill be�
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equippedwith this modulesto establishadhocnetworksandto evaluateour research
resultsunderrealisticconditions.

We assumethat most of the time the network is stableand performsa point-to-
point communicationprotocolaccordingto an adequatelychosenroutingprotocol.In
[10] it is shown that thequality of theroutingdependson thechoiceof theunderlying
network thatwecall basicnetwork. In thispaperwe investigatehow suchnetworkscan
bemaintainedwhenstationsenterandleave thenetwork.

Little is known about the efficient designof topology-preservingdynamicalgo-
rithms.Many approachesconsidera modelwherea centralalgorithmcontrolsthenet-
work structure,using the exact coordinatesin 
�� of the radio stations(e.g., [3, 14]).
In contrastto this modelwe wantto investigatea distributednetwork modelwherethe
only informationavailable is given by incoming radio signalsandwhich sectorit is
received,which givesa roughestimationof thedirectionto thesender.

Thedynamicswe areinvestigatingis thata singleradiostationentersor leavesthe
system,while therestof thesystemis stable.We claim thata nodeenteringa network
knowsthissituation,e.g.becauseit is switchedonor it eavesdropsonexistingcommu-
nicationfrom thenetwork. A nodeleaving thesystemis equivalentto a completenode
failure.This meansthat it is not necessarythat the leaving nodeinforms thenetwork.
Suchdynamicchangesarethe most frequentchangesof a radio network besidesthe
motionof radiostations.

In ourview its veryunlikely thatall mobileradiostationwouldstart(or leave)atthe
sametime.And evenif this is enforcedonecaneasilyadda probabilisticstrategy that
preventsthissituation.Thentheestablishmentof thecompletenetwork turnsout to bea
seriesof singlestationsenteringanexistingnetwork. Thisapproachmakessense,since
nobodyexpectsthata radioconnectionto the network is instantlyestablishedandwe
will seethat thereexist network structureswhereenteringandleaving will only need
somelogarithmiccommunicationrounds.

In this paper, we do not addressthe problemof moving radio stations.However,
if the movementis not too fast,the moving nodecanreestablishthe correctnetwork
by triggeringa leave andan enter-operation.Furthermore,we hopethat the ba-
sic routinesdevelopedfor this switchingdynamicsprovide basictechniquesfor more
sophisticatedmaintenancetechniquesof mobileadhocnetworks.

2 Model

Our investigationsconcentrateon theimplementationof distributedalgorithmsfor mo-
bile adhocnetworkswith radiostationswith specifichardwarefeatures.However, some
network topologies(like theHL-graph)canbeusedin a muchmoregeneralhardware
model.

2.1 Communication Model

In this paperwe assumethat if a stationentersthesystemit will sendout controlmes-
sagesto stopnormalpacket routingfor the(hopefullyshort)time neededto updatethe
network structure.All packetsarestoredon the radiostationsanddeliveredwhenthe



network structurehasbeenrestored.In contrastto this reactive approach,onecanalso
take advantageof synchronizedclocksif available.If a periodicallytime periodis re-
servedthatis known to all nodes(includingnew ones),themaintenanceof thenetwork
canbedonein this specialmaintenanceperiod.Thus,no controlpacketsarenecessary
to stop the packet routing modeandcollisionscausedby the control packetscanbe
prevented.

In ourcommunicationmodel,weassumethata radiostation
 , alsocallednode,is
ableto detectthreetypesof incomingsignals:No signal indicatesthatno radiosignal
is transmittedat all or that all radio stations � in distance� sendwith transmission
distance������� . The interferencesignal indicatesthatat leasttwo radiostations� and� sendin this time step � with transmissiondistance������������� �!� �"�#
$�%� � and ��� � ��������%� � �#
$�!� � , where �%� ����
$�!� � denotesthe Euclideandistance.A clear signal is received
by 
 if oneradio signalwith appropriatedtransmissionpower to cancelout weaker
incomingsignalsis reaching� ’s antenna.Thenit canreadthetransmittedinformation&('*),+ �.-0/21 of somelength 3 . A communicationroundis the time necessaryto send
onepacket of length 3 , where3 is largeenoughto carrysomeelementaryinformation
like thesendingstation,theaddressedstations(if specified),thetransmissiondistance,
andsomecontrolinformation.

We assumethat thereis a timing scheduleadaptedto the basicnetwork topology
thatallows thestationsin a statictime period,i.e. no nodesenteror leave, to transmit
andacknowledgepacketsoverthenetwork routeswith only smallnumberof interfering
packets.Duringsuchaphasewecanneglecttheinterferingimpactof acknowledgment
signals.

However whena connectionis establishedthesendingandansweringsignalhave
thesamesmall length,becauseonly control informationneedsto betransmitted.Then
the impact of answeringsignalsis the sameas thoseof sendingsignals.Therefore,
weconsidertwo typesof interferences:Theuni-directionalinterferencesin therouting
modeandthebi-directionalinterferenceswhenconnectionsareestablishedor network
changesarecompensated.

2.2 HardwareModel

Everynodecanchoosethetransmittingpoweraccordingto 4 discretechoices365,�.787.72�936: .
Theenergy to sendover distance� is givenby pow �9�;�=<?>@�;A for someconstantB�CED
(constantfactorsare omitted for simplicity). This definesthe transmittingdistances�GF">H�?3�FI� 5�J A for all K 'ML 48N , where L 48NO<?> ) -P�87.787Q�R40/ .

Everynode� has � sendingandreceiving devices,whicharelocatedsuchthatthey
cancommunicatein parallelwithin eachof � disjointsectorswith angle��> �#ST . Every
node � hasbeenrotatedby a angle U�V , which is unknown to � . Note that the radio
stationshave differentoffsetanglesU"V . If � sendsa signalin the K th sectorit actually
sendsinto adirectiondescribedby theinterval WX> L U�VZY[K\�]�#U�V�YM�9KGY^-_�`�G� andcanbe
receivedby node� in sectora if Wcb L U�d�YeaG�f��U"d�YM�%agYM-_�h���ji>lk . Of course� receives� only if in addition � sendsthis signalwith transmissiondistance�GFmCX�!� ��� � �!� � .

Furthermore,we allow that radio stationscan measuredistancesonly by send-
ing messageswith varying transmissionpower. Thenthereceiving partycanonly de-
cide whetherthe signalarrivesor not. This restrictstransmissiondistancesto the set



n > ) �;5o�8787.78����:./ . Define pq<r
ts )0u �8-P�.787.7Q��4P/ as the minimum discretechoice
of transmissionpower to sendover a given distanceby pc�9v��e<?>xwzy!{ ) K|�;��F}C~v�/ ifvc���;: and pc�9v���<?> u if v��*��: .

Define ���9�"� � ��<?>��P� ��� d_��V,�����P�_�� � wz���e� asthe numberof � ’s sectorcontaining

theedge ����� � � , where ����v6� denotestheangleof avector v in 
�� .
2.3 Location of Nodes

Oneof themostdelimitingpropertiesis thatradiostationsdo notknow their locations.
Thefollowing restrictionpreventthevertex setfrom takingabnormalpositions.

Definition 1. A vertex set � is in generalposition, if therearenovertices��� � ��
 ' �
with � i>�
 and �!� �"� � �!� � >��%� �"�#
$�!� � . The (Euclidean)distancebetweentwo nodes�"� ��' � is givenby �%� ��� � �%� � . Wecall a vertex setnormal, if for a fixedpolynomial3"�9�O�
wehave �Z��  �_¡ ¢R£.¤}¥¦¥ VG§ do¥¦¥ ¨�Z© ª �_¡ ¢R£.¤}¥¦¥ VG§ do¥¦¥ ¨ �«3����O�g7 We call thelocationsof radiostationsnice, if for all�"� � �#
 ' � wehave pc����� � �}i> u and � >¬
®­°¯ ������� � �r>±���9�"�#
j�O²[p«����� � �r>pc������
j�r7
3 BasicNetwork Topologies

3.1 Yao-Graphsand Variants

Theunderlyinghardwaremodelallowsto communicatein � disjointsectorsin parallel.
Thereforea straight-forward approachis to chooseas a communicationpartnerthe
nearestneighborin a sector. This leadsto thefollowing definition.

Definition 2. TheYao-graph (aka. ³ -graph)is definedbythefollowingsetof directed
edges: ´~<¦> ) �9�"� � �µ�2¶�
~i>*�·<�������� � �g>l���9�"�#
j�¸¯ pc����� � �µ�*pc������
j�Q/ .

Throughoutthispaperweassumevertex setsto benicely located,henceeverynode
hasat mostoneneighborin a sector. Theout-degreeis thereforeboundedby � . How-
ever, a nodecanbethenearestnodeof many nodes.To overcomethis problemof high
in-degreeresulting in time-consuminginterferenceresolutionschedules,we present
threeYao-graphbasedtopologies.

The symmetric Yao Graph is a straight-forward solution of the high in-degree
problem.An edge �9�"� � � is only introducedif � is the nearestneighborof � andvice
versa.

Definition 3. Let ¹ � be the Yao-graph of a vertex set � . Then,the Symmetric Yao
graph (SymmY) is definedby theedgeset ´~<?> ) �9�"� � � ' ´��I¹ � �µ��� � ����� ' ´��9¹ � �R/ .

Althoughsuchagraphreducesinterferencesto aminimum(becausein everysector
only at mostoneneighborappears)very long detoursmayappear, which make sucha
graphincapableof bearingshortroutesandallowing routingwithout bottlenecks.

Following the approachof [13] we consideralso a graphtopologywhich allows
at mosttwo neighborsin a sectorandcall this graphsparsified Yao-graph, which is
a Yao-graphwhere,when the in-degreeof a sectorexceedsone,only the incoming
shortestedgewill bechosen.



Definition 4. For agivenvertexset � theedgesetof theSparsifiedYaograph (SparsY-
graph) isdefinedby ´º<¦> ) �9�"� � � ' ´��I¹ � ���`¶�
 ' �~<»����
�� � � ' ´��9¹ � � and ��� � ��
j�g>��� � �������g¯¼p«� � ��
j���*pc� � �#�6�Q/ , where ¹ � denotestheYao-graphof � .

It is anopenproblemwhetherall SparsY-graphsare B -spanners,i.e.theshortestpath
betweenverticesin thenetwork is atmost B -timeslongerthantheEuclideandistance.

To constructa B -spannerwith constantdegreeArya etal 7 [2] introducedthefollow-
ing transformation.Like in [9] we apply this techniqueto the Yao-graphandcall the
resultinggrapha BoundedDegreeYao graph (BoundY graph).

For this, let ¹½>¾�\�m��´�� be a B2� -spannerwith boundedout-degree.Let ¿À� � ��>) 
 ' �x<G
 �[' ´°/ thesetof in-neighborsof �Á' � . For each�Â' � , thestardefined
by the edges) 
 �Ã' ¿À� � �Q/ will be replacedby a so-called� -singlesink B2� � -spanner,B2� �r> B.Ä0B2� , Å�� � � , which hasa boundedin- andout-degree,i.e7;¹ � >t�\�m��´ � � , where´ � >EÆ d_Ç�È�§ V,É�ÇPÊ �%ËO� dQ��� ��
 .

A graphwith a vertex set Ì is calleda � -singlesink B2� � -spanner(a � � ��B2� �Í� -SSS), if
from eachvertex 
 ' Ì thereis a B2� � -spannerpathto thevertex � . Sucha ( � ��B2� �Î� -SSS
for Ì canbeconstructedasfollows.

Let Uº>ÏDmÐ0ÑRÒ8Ó#y%{ A�Ô Ô � 5�RA Ô Ô . We divide the planearound � into sectorsof an angular
diameterat most U . For eachsector Õ , let ÌZÖ be the set of all verticesof ÌH× ).� /
containedin Õ . If a subsetÌZÖ containsmore than � Ìe� Ä0D vertices,thenwe partition
it arbitrarily into two subsetsÌmÖ § 5}ÌmÖ § � , eachof sizeat most � Ìe� Ä0D For eachsubsetÌ Ö , let 
 A ' Ì Ö be the vertex wich is closestto � . We addthe edge 
 Ö � andthen
we recursively constructa ��
 Ö �#B2� �Î� -SSSfor eachsubsetÌ Ö . This recursionendsafterØ �GÙj� Ì�� steps,sincewe halve(at least)thenumberof verticesat eachlevel of therecur-
sion.In this way we obtaina directedtree Å�� � � with root � which is a � � ��B2� �Î� -SSSfor¿À� � ��Ú ).� / . Sinceeachvertex � hada boundedout-degreein ¹ , andthereforeit can
becontainedin a constantnumberof in-neighborhoods¿À����� , � ' � , its degreein ¹ �
will bealsobounded.Thiscompletestheconstructionof theBoundY-graph.

Theaboverecursiveconstructionallowsthedistributedconstructionof theBoundY
graphgiventheYaograph.Furthermore,for compassroutingit providessuitablererout-
ing information:If a messagewantsto usean edge� � in the Yao-Graph,thenit will
usethetree-pathfrom � to � in Å�� � �rÛÜ¹ � , which hasat most Ý°� Ø �PÙr�O� hops.

3.2 The Hierar chical Layer Graph

Adopting ideasfrom clustering[6, 7] andgeneralizingan approachof [1] we present
a graphconsistingof 
 layers ÞgßP�#Þ�5,�.787878�#Þ É . The union of all this graphsgivesthe
Hierar chical Layer graph (HL graph). Thelowestlayers Þ ß containsall vertices� .
Thevertex setof a higherlayer is a subsetof thevertex setof a lower layeruntil in the
highestlayer thereis only onevertex, i.e. �à> �e�IÞ ß �âáã���9Þ 5 ��áxä8ä.ä�á~�e�9ÞrÉ��å>).� ß / .

Thecrucialpropertyof theselayersis thatin eachlayer ÞgF verticesobey aminimum
distance:¶���� �M' �e�9ÞrF\�~<��!� �"� � �!� � Cæ�.F . Furthermore,all nodesin the next-lower
layermustbecoveredby thisdistance:¶�� ' ���IÞgF��åç ��' ���IÞgF!è"52�c<��!� ��� � �%� � �à�.F!è"5 .
Our constructionusesparametersU�C*éÀ�X- , wherefor some�.ß��*w°y%{ VG§ d_Ç�È �%� �"� � �!� �



we useradii �_F�<¦>ãé F ä,�.ß andwe definein layer ÞgF the edgeset ´��9ÞrF\� by ´��9ÞgF\�â<?>) ����� � �µ�2��� ��' ���IÞgF���²ê�!� ��� � �%� � �¼Ucä.�.F�/ .
Clearly, for a normal vertex set we have a maximumnumberof 
½>¾Ý°� Ø �PÙr�O�

layers.ForHL-graphsweneednotassumeniceornormallocations,aslongasourhard-
waremodelssupportsthefollowing transmissiondistances:) �_F`��UO�_F6�#K '«),+ �87.7872�#
}/P/âën > ) ��5,�.78787.�#�;:_/ , �Pß}�Üw°y%{ VG§ d_Ç�È �%� �"� � �!� � and � É CÜweÐoì VP§ d_Ç�È �%� ��� � �%� � .
4 Elementary Graph Properties

We canshow thefollowing inclusions.Notethat í~i>;i>�î denotesí~iëÜî and îàiëÜí .

Lemma 1. Let � bea nicevertex set.Then,SymmY�I�z�µë SparsY�I�$�µë BoundY�I�z�
andSparsY�I���µë Yao�I�$� . For some� it holdsthatBoundY�\����i>;i> Yao�\�$� .
Lemma 2.
For normal and nice ver-
tex sets � consistingof �
nodesweobserve:

Topology Yao SymmYSparsY BoundY HL
in-degree �Áï�- � � �I�}Y�-_��� Ý°� Ø �GÙg�O�
out-degree � � � � Ý°� Ø �GÙg�O�
degree �Áï�- � DG� �}Yl�I�âY�-_�`� Ý°� Ø �GÙg�O�

Definition 5. A graph ¹Ï>ð�\�m��´�� is a B -spanner, if for all ��� �Ü' � there existsa
(directed)path 3 from � to � with �!� 3��%� � �ãB=ä]�!� ��� � �!� � . ¹ is a weak B -spanner, if for
all ��� �E' � there existsa path 3 from � to � which is covered by a disk of radiusB�äR�!� �"� � �!� � centeredat � . ¹ is a �9B0�#�;� -power spanner, if for all �"� ��' � there is a path3�>t�9��> ��5,�#� � �.787.78���6ñ·> � � from � to � in ¹ such that ò ñ � 5F!ó"5 �#�!� �6F��#��F!è"5P�%� � �#ô��B6wzy!{ � V ó dQõQ§ d#¨2§¦ö¦ö¦ö § d�÷ ó dQ� ò É�� 5F!ó"5 �#�!� � F � � F!è"5 �%� � �#ô . If for all �M� - there existsa constantB
such that ¹ is a �9Bo����� -powerspannerwecall ¹ a power spanner.

Onthepositivesidethefollowing resultsareknown.

Lemma 3. Let �~Û*
 � .
– [12] For �Â�Üø theYao graphis a B -spannerwith Bù>X-oÄ��`-�ïúDZÓ#y%{ �� ).– [5] For �[C�ø and Bj>lweÐoìeû#��-rYúü�ýmÓ#y%{�þ�����ÄPDP��� 5�J �G�Rÿ ��ïMÒ2�GÓf��� theYao-graphis

a weakB -spanner.

– [4] For �e> ü , theYao-graphis a weak B -spannerwith Bù>�� �=Y ÿ � .
– [2] For �Â�Üø theBoundY-graphis a B -spannerfor a constantB .
– [13] For �Â�Üø theSparsY-graphis a powerspanner

It is anopenproblemwhetherSparsY-graphsare B -spanners,but we show thatthey
areweakspanners(andtheproofof this theoremcanbeusedgiveaproofof thepower
spannerpropertywithoutassumingthattheangle� is dependingon � asdonein [13]).
In theorem3, weprovetheopenproblemstatedin [13].

Theorem1. For �Â�Üø theSparsY-graphis a weakB -spannerwhere Bù> 55 � ��� © ª	� ¨ .
Proof. Let ¹±>±�I�g�#´�� betheSparsY-graphand ¹�
�>@�I�g�#´�
r� betheunderlyingYao-
graph.Startingfrom two vertices��� � we will show how to find a directedpathfrom �
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to � in the SparsY-graphthat is insidea disk with centerat � of radius �!� ��� � �!� � Ä��`-�ïDZÓ�y!{ �� � . For a sectorK , definetheYao-neighbor� of avertex � asthe(unique)vertex �
with �9�"� � � ' ´ 
 . Thenweknow:

– If a node � hasno directededgein a sectorK , theneitherthe sectoris empty(i.e.
noedgein theYao-graph),or thereis aYao-neighbor� (i.e., �9�"� � � ' ´

 ) incident
to anedge ��
â� � � ' ´ , where
 is in anothersectorof � . Furthermore,�!� ����
z�%� � ��%� ��� � �%� � , because�e���"Ä�� and �%� � �#
$�!� � �@�!� ��� � �%� � .

– Everynode� hasat leastoneneighbor� , i.e. ç ��' ��<z����� � � ' ´ .

Now, werecursively constructthepath �e�9�"� � � usingsomeof theYao-neighborsof� (seeFig. 2). If ����� � � ' ´ then �e����� � �å>ê������� � ��� , if �Ã> � then �e����� � �}>à�I� . If
in sectorKg>E���9�"� � � theYao-neighbor, called �8ß , is not directly connectedto � . Then,
we know that thereexists an edge �?3»ßG���2ß_� ' ´ , where 3]ß is in a sector K�5Ãi>êK�ß of� and �%� 3]ßG���Z�%� � �x�!� �8ßG�#���!� � . Furthermorewe have that �%� �2ßG���Z�%� � �x�!� ��� � �%� � . Then,we
repeatthis considerationfor thesectorK`5 andreplace� by 3�5 . This iterationendswhen
a Yao-neighbor�8ñ or 3»ñ is directly connectedto � , i.e. �9�"���8ñå� ' ´ or �����93�ñ�� ' ´ .
Becauseeverynodehasat leastoneneighborin ´ this processterminates.

Now we recursively definethepath �e�9�"� � � from � to � thatterminatesat node � ñ
(for 3 ñ thepathcanbedefinedanalogous:replace�9�"��� ñ � by �����93 ñ ����� 3 ñ ��� ñ � ) by

�e����� � �m>±�9�"���8ñå�����e���.ñâ�I3»ñ � 58�����?3�ñ � 5_���8ñ � 58����787.7����e���_5,�I3]ß,�����?3»ßP���2ß_�����e���8ß0� � �Q7
Note that all nodes3�F`���.F are inside the disk with center � and radius �%� ��� � �%� � . Fur-
thermore,we have �!� � F �I3 F � 5 �!� � �¼�!� ��� � �!� � . In the next recursionverticesof the path
may lie outsideof this disk. However it is straight-forward that the maximumdisk
amplificationof a recursionstepis DZÓ#y%{ �� �!� �"� � �!� � . That means,that the maximum
amplificationof the disk with center � andradius �!� ��� � �!� � canbe at most �%� ��� � �%� � YDZÓ�y!{ �� �%� ��� � �%� � in eachrecursionstep.Let � be the depthof the recursion,then byò��F!ó�ß �\DZÓ�y!{ �� � F �%� ��� � �%� � �x�%� �"� � �!� � Ä���-=ïÃDZÓ#y!{ �� � it follows, that �e�9�"� � � is insidethe
diskwith center� of radius �!� ��� � �!� � Ä��`-|ïúDZÓ#y%{ �� � andsoweget Bù>±-,Äf�`-�ïMDmÓ�y!{ �� � .



Theorem2. If UÀ�*D��� � 5 theHL-graphisa B -spannerfor Bù> weÐoì� »é � � � � 5 � è � �� � � � 5 ��� � � � ��"! .

Proof. Defineadirectedtree Å onthevertex set �fß$# ),+ �.78787Q�#
}/ asfollows.Theleaves
of Å are all pairs �]ß%# )_+ / . If � ' ���9ÞgF�� , then �9�"�#K`� is a vertex of Å . Å consists
of the following edges:For Kc� + if � ' ���9ÞrF\� , then ���9�"�#KOïÜ-.�Q�_������K`��� ' ´���Åj� .
If � ' ���9ÞrF\�|×z���IÞgF!è"52� then one choosesan arbitrary vertex �~' ���IÞgF!è"5.� with����� � � ' ´��9ÞgF�� andadd ��������K`�2�.� � ��K�Y -,��� to theedgesetof thetree Å . Note that this
constructiondescribesa treeof depth
 androot � � ß���
j� .

Now for two vertices ��� �X' � we definea clamp of height a , which is a path
connecting� and � . Theclampconsistsof two paths��&V <?>±�9�"�I3"�����Q�I3»�0�9�6�2�87.7878�I3'&G�9�6�#�
and ��&d <¦>H� � �93�� � �Q�93��G� � �2�87.7878�I3'&G� � �#� of lengtha�ï�- , where3 F ��
�� denotestheancestor
of height K of a vertex 
 in the tree Å . Thesetwo path are connectedby the edge�?3'&G�9�6�2�93(&G� � ��� . The following claimsnow imply theproof. They canbe provedby an
inductionover thenumberof layers.

Claim. If for vertices��� � the distanceis boundedby �!� ��� � �%� � �º� & , thena clampof
heighta is containedin theHL-graph,where�Pßå> U"�8ß and � & è"5�<?>±�IUOé}ïeUâï�D0é"�h� & Y� & .
Claim. A clamp Õ of height a hasmaximumlength ) & , where)2ß°<¦>@UO�.ß and ) & è�5â<?>�9U"écï^UÁYÃD0é"�h� & Y*) & .
Theorem3. TheSymmY-graph is neither a weak B -spannerfor any constantB ' 
 ,
nor a �IBo�#�;� -powerspannerfor any �e�E- .
Proof. We show anexamplefor � pointsin the plane,suchthat the SymmY-graphof
that points is not a weak B -spannerfor any B . Let ) 5 and ) � be two vertical lines of
unit distancefrom eachother, suchthat ) � is right to ) 5 . Rotate) 5 clockwisearoundits
intersectionpoint with the v -axisby a very smallangle + A , androtate) � counterclock-
wisearoundits intersectionpoint with the v -axisby anangle + A . We denotetherotated
linesby )8�5 and )8�� . Considerthevertex setsÌX> ) ��5,�.787.72���6ñâ/ and �±> )_� 5,�87.7872� � ñ$/ ,& >à�"Ä0D , placedon ) � 5 and ) �� , respectively, as follows. Assumethat for eachpoint� ' Ì , the half-line, halving the K th sectorof � is horizontalanddirectedin positivev -direction,andfor �«' � , thehalf-line, halving the Kh� th sectorof � is horizontaland
directedin negative v -direction.The vertex ��5 is placedon the intersectionpoint of)_5 and the v -axis. We place � 5 on )8�� suchthat � 5 is in the K th sectorof ��5 and it is
very closeto the upperboundaryof the K th sectorof ��5 . The vertex � � is placedon)8�5 in the Kh� th sectorof � 5 closeto the upperboundaryof that sector. The vertex � � is
placedon )8�� in the K th sectorof � � closeto the upperboundaryof that sector, etc...
ThentheSymmY-graphdoesnot containany edge ����� � � suchthat � ' Ì × ) � ñ / and��' �±× ).� ñ / . The nearestneighborof � 5 in sector K is � 5 , while � 5 has � 5 and � �
alsoin sectorKh� , where� � is nearer, etc...Only thelastlink � ñ � � ñ will beestablished.
Therefore,evenif thereis apathfrom ��5 to � 5 in theSymmY-graph,its lengthis at least�%� ��5o���6ñ$�!� � YÜ�%� �6ñ�� � ñz�!� � YÜ�%� � ñz� � 50�!� � . For any given B wecanchoose+ A appropriately
small,in orderto get �%� ��5o���6ñz�!� � �_�!� � ñ�� � 5P�!� � C*B.ÄPD . This provestheclaim.



Theorem4. For �ÂCÜø andfor general vertex setstheSymmY-graphis connected.

Proof. We prove this by an inductionover thedistanceof vertices �%� ��� � �%� � . First, note
thattheclosestpairof verticesform anedgeof theSymmY-graph.Now observefor two
vertices�"� � : Eitherthereis anedgefrom � to � or thereis a vertex 
 with ���9�"� � �|>��������
j� and �%� �"�#
$�!� � �H�%� ��� � �%� � (or symmetrically��� � ������>@��� � ��
j� and �%� � �#
$�!� � ��%� �"� � �!� � ). Because���,�"Ä�� we have �!� � ��
$�!� � �x�!� ��� � �%� � . By inductionthereis a path
from � to 
 andapathfrom 
 to � . Thereforea pathfrom � to � exists.

5 Network Properties

In [10] we investigatethebasicnetwork parametersinterfer encenumber, energy, and
congestion. In this paperwe extendthe definition of interferencenumberto directed
communication.Thereasonis thatwe allow two communicationmodes.In thepacket
routingmodeacknowledgmentsignalsarevery shortandwe canneglect its impacton
the interferences.Whencontrol messageshave to be exchangedsendingandanswer-
ing signalsareboth short,thenwe have to considerall combinationof interferences.
Thereforewe distinguishthefollowing of interferences.

Definition 6. The edge ���o�R4,� has a uni-dir ectional interfer encecausedby �9�"� � � ,
denotedby ���o��4,� ' UInt ����� � � , if ���\4P�#�0��>����I4G����� and ��������4,�Ã>�������� � � andpc����� � ��C pc������4,� . Theedge �9�o��4,� bi-dir ectionally interfer eswith ����� � � , denotedby���o��4,� ' BInt ����� � � , if ���o�R4_� ' UInt ����� � � or �\4P�#�0� ' UInt ����� � � or ���o��4,� ' UInt � � �����
or �I4G���0� ' UInt � � �#�6� . The(bi-directional) interfer encenumber of a basicnetwork¹ is definedby weÐoì(- ÇPÊ ) -jY±�BInt ��.,�.�¦/ , where BInt ��.,� denotesthe setof edgesthat
interfere with . if packetsaresimultaneouslytransmitted.

Analogously, we definethe uni-dir ectional interfer encenumber of a graph, by
replacingBInt ��.o� byUInt ��.o� .

Note that both typesof interferencesare asymmetric,i.e. � ' BInt � � �Üi/ �H'
BInt �9�6� andanalogouslyfor UInt. Thisstemsfrom thefactthatweuseadjustabletrans-
missiondistances.

A routing protocolcanbe describedby a setof paths 0 , calledpathsystem,that
optimizesnetwork parameters.We assumethat thepathsystemis chosenaccordingto
ademand
@<G�1#��@s32 representingthepoint-to-pointcommunicationtraffic within
the network. Sincethe locationsof the vertex setsarenice for every combinationof
verticesthereis at leasta path3 from � to � in thepathsystemif 
��9�"� � ��� + .
Definition 7. Theload )P��.o� of an edge . is the numberof packetsthat are usingthis
edge. The interfering load of an edge is )P��.o�µY@ò - Ô Ç UInt � - � )P��._�Î� . The edge with the
maximuminterfering load definesthe congestionof a path system. Theenergy of a
path system 0 is givenby ò�4 Ç65 ò - Ç 4 pow ��.o� , where pow ��.o�e>¼�#�!� .;�!� � � � . This isò - )P��.o�8�#�!� .��!� � �`��7

It turnsout thatenergy andcongestionareconnectedto power spannersandweak
spanners.The link betweenthesegeometricpropertiesandthe networking featuresis
describedby thefollowing theorem:



Lemma 4. (i) If thebasicnetworkis a �9Bo����� power-spanner, thenit allowsa pathsys-
temthatapproximatestheoptimalenergypathsystembya constantfactorof B .
(ii) Every B spanneris �IB ô �#�;� power-spanner.
(iii) If for a normal vertex set the basic network is a weak B -spanner ¹ with uni-
directional interferencenumber � thenthere is a path systemin ¹ that approximates
theoptimalpathsystemminimizingthecongestionsbya factorof Ý°��� Ø �PÙg�O� .

CombiningthisLemmawith thebasicgraphpropertiesinvestigatedin section3 we
obtain:

Theorem5. For a nicelylocatedvertex set � thefollowingtabledescribesthefeatures
of our graphtopologies.

uni-directional Energy Congestion
Topology interferencenr. Spanner approx.factor approx.factor

Yao-graph �ÂïÜ- yes Ý°�`-,� —
SymmY-graph - (bi-direct.!) no,but connected — —
SparsY-graph - weakandpowerspanner Ý°�`-,� Ý°� Ø �PÙr�O�

BoundY-graph ³°���O� yes Ý°�`-,� —
HL-graph Ý°� Ø �PÙr�O� yes Ý°�`-,� Ý°� Ø �GÙ � �O�

6 Maintaining the Network

Thestandardmodeof anadhocnetwork is thepacket routingmode.In thelucky case
of SymmY-graphsthereareno interferencesbetweenmessagesandacknowledgments
of differentedges.For the SparsY-graphpacketssentalongthe directionof the edges
cannotinterferewith otherpacketson differentedges.However, acknowledgmentsig-
nalsof suchedgescaninterfere.Sincein thenormaltransportationmodedatapackets
arelong comparedto theshortacknowledgments,weneglectthis interaction.

In all othergraphswe have to resolve (uni-directional)interference.Therearetwo
strategies:
Non-interferingdeterministicscheduleIn generalit is an 780 -hardproblemto compute
a schedulethatresolvesall interferenceswithin optimaltime.

However, in theHL-graphin eachlayer thebi-directionalinterferencenumberis a
constant.Hence,it is easyto definea deterministicschedulethatensureseachedgea
time frameof 5A�9 :�;(< , which in theworstcaseslows down communicationonly by this
logarithmicfactor.

For the Yao graphthe (uni-) directionalinterferencesaregiven by the in-degree.
Hencea straight-forward strategy is to assigneachof theseincomingsendersa time
frameof samesize.Unlikeasfor theHL-graphthisscheduleis far from beingoptimal,
sinceit doesnot reflecttheactualloadon theedges.

The main advantageof sucha non-interferingscheduleis that collisions immedi-
atelyindicatethatdynamicchangeshaveoccurred.
InterferingprobabilisticscheduleFollowing the ideaspresentedin [1] every edge. of
thebasicnetwork is activatedwith someindependentprobability 3"��.o��� 5� , wherefor
all edges. it holds3"��.,��YÜò - Ô Ç UInt � - � 3"��._�Î�M� -=7



Then,thereis aconstantprobabilityof at least 5þ thatapacket is transferredwithout
beinginterferedby anotherpacket.

Thedetectionof dynamicnetwork changesmayneedmoretimethanin non-interfe-
ring schedules.Here,sincewith probabilityof at least 5þ every receiverdoesnot getan
input signal,it sufficesto repeatthedynamicchangesignalfor someÝ°� Ø �PÙr�O� rounds.
Thenall nodesareinformedwith probability -|ï�-oÄR3"�9�O� (for somepolynomial3����O� ).

The only information necessaryto maintainsucha probabilisticscheduleis the
local numberof uni-directionalinterferences,or an approximationof that number. In
the caseof the BoundY-graphthis numberis not given by a graphpropertyas in the
other topologies.Therefore,a nodehasto inform all & interfering nodes,that they
interfereandhow many of theminterfere.A straight-forwardapproachshows that this
takestime Ý°� & � . Howeverwestateageneralapproachthatcomputesandtransmitsan
appropriateapproximationof thatnumberin time Ý°� Ø �PÙ & � .

We investigatetwo elementarydynamicoperationsnecessaryto maintaindynamic
wirelessnetworks:
Enter: While the network is distributing somepackets,oneradio stationwantsto en-
ter the network. It will senda specialsignal causinga specialinterferencesignature
that will causeall radio stationin somespecifieddistanceto stop the point-to-point
communicationmodeandswitchto a specialenternode.

Then,thispartof thenetwork devotesits communicationto insertthenew nodeinto
thenetwork topology. After this, it will resumeto thenormaltransportationmode.
Leave:A singlestationstopssendingandreceiving. At sometime a neighborednode
noticesthis failureandsignalsit to othernodesof thenetwork.Thesenodeshaltrouting
packetsandrebuild thenetwork.

The two importantresourcesin theseupdateprocessesare time andnumber of
involvedprocessors. If theseparametersareminimized,thentheimpactof thenetwork
disturbancecanbekeptto aminimum.

Theorem6. For a normalandnicelylocatedvertex set � the ³°�#� �Â� � edgesneedto be
changedif an enter/leaveoperation happensin a Yao-, SymmY-, SparsY-, or BoundY-
graph.For theHL-graphthis numberis boundedby Ý°� Ø �PÙå� �Â� � .

Clearly, thisworstcasebehavior is not thetypicalsituation.Thereforeweintroduce
the numberof involvedvertices& asan additionalparameterinto the analysisof the
timebehavior of theenter/leavealgorithms.

Theorem7. For a normal andnicely locatedvertex set � and & edgesare involved
anenter/leaveoperationcanbeperformedin theYaobasedgraphsin time Ý°� & Ø �PÙ�4_� .
For theHL-graphthetimeis boundedby Ý°� Ø �GÙ�� ���.Y Ø �PÙr4,� .
7 Conclusions

The following tablesummarizesthe resultsconcerningcommunicationanddynamic
performanceof the five graphtopologies.It turnsout that the bestdynamicbehavior
canbeachievedby theHL-graph.FromtheYaographvariantstheSparsYgraphout-
performstheHL-graphon theapproximationfactorof congestion.In this overview the



SymmY-graphgivesthe worst impression.Nevertheless,it guaranteesthat no signals
interfereat all. Thereforefor a small numberof radio stationsor averagelocationsit
mayoutperformall theothergraphtypes.

Congestion Energy time for enter/leave
Topologyapprox.factorapprox.factorenter & leave involvednodes

Yao-graph — Ý°��-_� Ý°��� Ø �PÙµ4,� ³°�9�O�
SymmY-graph — — Ý°��� Ø �PÙµ4,� ³°�9�O�
SparsY-graph Ý°� Ø �PÙr�O� Ý°��-_� Ý°��� Ø �PÙµ4,� ³°�9�O�

BoundY-graph — Ý°��-_� Ý°��� Ø �PÙµ4,� ³°�9�O�
HL-graph Ý°� Ø �GÙ � �O� Ý°��-_� Ý°� Ø �PÙr�eY Ø �PÙr4,� Ý°� Ø �GÙg�O�
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