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Abstract. We investigatehe problemof constructingspannergor agivensetof
pointsthataretolerantfor edge/ertex faults.Let Sc IRY beasetof n pointsand
let k be aninteger number A k-edge/ertex fault tolerantspanneifor S hasthe
propertythatafterthe deletionof k arbitraryedges/erticeseachpair of pointsin
theremaininggraphis still connectedy a shortpath.

Recentlyit wasshavn thatfor eachsetS of n pointsthereexists a k-edge/ertex
faulttolerantspannewith O(k?n) edgeswhich canbe constructedn O(nlogn+
k?n) time. Furthermoreit wasshavn thatfor eachsetS of n pointsthereexistsa
k-edge/ertex faulttolerantspannewhosedegreeis bounedoy O(ck+1) for some
constant.

Our first contritution is a constructionof a k-vertex fault tolerantspannemith
O(kn) edgeswhich is a tight bound. The computationtakes O(nlog®~*n +
knloglogn) time. Thenwe shav that the samek-vertex fault tolerantspanner
is also k-edgefault tolerant. Thereafter we constructa k-vertex fault tolerant
spannemith O(k’n) edgesvhosedegreeis boundedby O(k?). Finally, we give
amorenaturalbut strongerdefinition of k-edgefault tolerancewhich not neces-
sarily canbe satisfiedif oneallows only simple edgesbetweerthe pointsof S,
We investigatehe questionwhetherSteinemointshelp.We answetrthis question
affirmatively andprove ©(kn) boundson thenumberof Steinerpointsandonthe
numberof edgesn suchspanners.

1 Intr oduction

Geometricspannerdiave mary applicationsn variousareasof the computerscience.
They have beenstudiedintensiely in recentyears.Let S be a setof n pointsin IRY,
whered is aninteger constantLet G = (S E) be a graphwhoseedgesare straight
line segmentsbetweerthe pointsof S. For two points p,q € IRY, let dist(p,q) bethe
Euclideandistancebetweenp andq. Thelengthlengh(e) of anedgee = (a,b) € E is
definedasdisty(a,b). For a pathP in G the lengthlengh(P) is definedasthe sumof
the lengthof the edgesof P. A pathbetweentwo points p,q € Sis calleda pg-path.
Lett > 1 bearealnumber The graphG is at-spannerfor Sif for eachpair of points
p,q € Sthereis a pg-pathin G suchthatthe lengthof the pathis at mostt timesthe
Euclideandistancedist;(p,q) betweenp andg. We call sucha pathat-spannempath
andt is calledthe stretch factor of the spannerif G is adirectedgraphandG containsa

* Partially supportedy EU ESPRITLong TermResearciProject20244(ALCOM-IT) andDFG
Graduiertenklleg "ParalleleRechnernetzweekin der ProduktionstechnikMe872/4-1.



directedt-spannepathbetweereachpairof pointsthenG is calledadirected-spanner
In orderto distinguishthe edgesof a directedfrom an undirectedgraphwe use(a, b)
to denoteanedgebetweerthe verticesa andb in adirectedand(a,b) in anundirected
graph.

Spannersvere introducedby Chew [6]. They have applicationsin motion plan-
ing [7], they wereusedfor approximatinghe minimum spanningree[17], to solve a
specialsearchingproblemwhich appearsn walkthroughsystemg8], andto a polyno-
mial time approximatiorschemdor thetraveling salesmarandrelatedproblemg13].

The problemof constructinga t-spanneifor a real constant > 1, that hasO(n)
edges hasbeeninvestigatedby mary researchersKeil [10] gave a solutionfor this
problemintroducingthe 8-graph, which wasgeneralizedy Ruppertand Seidel[14]
andArya etal. [2] to ary fixeddimensiond. Theseauthorsgave alsoan O(nlog"‘1 n)
time algorithmto constructthe 8-graph.Chenet al. [5] proved that the problem of
constructingary t-spannefor t > 1 takesQ(nlogn) timein the algebraiccomputation
treemodel[3]. CallahanandKosaraju[4], Salave [15] and Vaidya[16] gave optimal
O(nlogn) time algorithmfor constructing-spannersSeveralinterestingquantitiesre-
latedto spannersverestudiedby Arya etal. [1]. They gave constructiongor bounded
degreespannersspannersvith low weight, spannersvith low diameterandfor span-
nershaving morethanoneof thesepropertiesTheweightw(G) of agraphG is thesum
of thelengthof its edges.

Fault tolerantspannersvereintroducedby Levcopouloset al. [12]. For the formal
definitionwe needthe following notions.For asetS C IRY of n pointslet Ks denotethe
completeEuclideangraphwith vertex setS. If G = (S E) is agraphandE’ C E then
G\ E’ denoteshegraphG' = (S E\ E’). Similarly, if S C SthenthegraphG\ S isthe
graphwith vertex setS\ S andedgeset{(p,q) € E: p,q € S\ S}. Lett > 1 beareal
numberandk beaninteger, 1 <k <n-—2.

— A graphG = (S,E) is calleda k-edge fault tolerantt-spannefrfor S, or (k,t)-EFTS,
if for eachE’ C E, |E'| < k, andfor eachpair p,q of pointsof S, thegraphG\ E
containsa pg-pathwhoselengthis at mostt timesthelengthof a shortestpg-path
in thegraphKs\ E’.

— Similarly, G = (S, E) is calleda k-vertex fault tolerant t-spannerfor S, or (k,t)-
VFTS, if for eachsubseS C S, |S| < k, thegraphG\ S is at-spannefor S\ S.

Levcopouloset al. [12] presentedan algorithm with running time O(nlogn + k?n)
whichconstructs (k,t)-EFTS/VFTSwith O(k?n) edgedor any realconstant > 1. The
constantsiiddenin the O-notationare (;2;)°@ if t\,1. They alsoshavedthatQ(kn)
is alower boundfor thenumberof edgesn suchspannersThis follows from the obvi-
ousfactthateachk-edge/\ertex faulttolerantspannemustbek-edge/\ertex connected.
Furthermore they gave anotheralgorithmwith runningtime O(nlogn + ¢*+'n), for
someconstant, which constructsa (k, t)-VFTS whosedegreeis boundedby O(ckt1)
andwhoseweightis boundedby O(c+1w(MST)).

1 Yao[17] andClarkson[7] useda similar constructiorto solve otherproblems.



1.1 Newresults

We considerdirectedand undirectedfault tolerantspannersOur first contrikbution is

a constructionof a (k,t)-VFTS with O(kn) edgesin O(nlog®~*n -+ knloglogn) time.

Thenwe shav thatthesamek-vertex faulttolerantspanneis alsoak-edgefaulttolerant
spannerOur boundsfor the numberof edgedn fault tolerantspannersreoptimal up

to aconstanfactorandthey improve thepreviousO(k?n) boundssignificantly Further

more,we construct k-vertex faulttolerantspannewith O(k?n) edgesvhosedegreeis

boundedby O(k?) which alsoimprovesthe previous O(c“t1) bound.

Thenwe study Steinerizedault tolerantspannershataremotivatedby the follow-
ing. In the definition of (k,t)-EFTSwe only requirethat after deletionof k arbitrary
edgesE’ in the remaininggrapheachpair of points p,q is still connectedby a path
whoselengthis atmostt timesthelengthof theshortesipg-pathin Ks\ E’. Suchapath
canbearbitrarily long, muchlongerthandistz(p, q). To seethis considerthefollowing
example.Letr > 1 beanarbitrarily largerealnumberLet p,q € Sbetwo pointssuch
thatdistz(p,q) = 1 andlet the remainingn — 2 pointsof S be placedon the ellipsoid
{x € IRY : disty(p,x) + distz(g,x) = r -t}. Clearly, eacht-spannelG for S containsthe
edgebetweenp andq, becauseachpathwhich containsary third points e S\ {p,q}
hasa lengthat leastr - t. Therefore,if the edge(p,q) € E’ thenthe graphG\ E’ can
not be at-spannerfor S. However, G\ E’ cancontaina path satisfyingthe definition
of thek-edgefaulttoleranceln someapplicationsnewould needa strongemproperty
After deletionof k edgesa pg-pathwould be desirablewhoselengthis at mostt times
dist2(p,q). In orderto solve this problemwe extendthe original point setS by Steiner
points. Thenwe investigateahe questiorhow mary Steinermpointsandhow mary edges
do we needto satisfythe following naturalbut strongercondition of edgefault toler
ancelett > 1 bearealnumberandk € IN.

— ThegraphG = (V,E) with SCV is calledak-edge fault tolerant Steinert-spanner
for S, or (k,t)-EFTSS;|f for eachE’ C E, |E’| < k andfor eachtwo pointsp,q € S,
thereis a pg-pathP in G\ E’ suchthatlengh(P) <t -distz(p,q).

— Similarly, G = (V,E) with SCV is ak-vertex fault tolerant Steinert-spanneifor S,
or (k,t)-VFTSS,if for eachV’' C V, |V'| < k andfor eachtwo pointsp,q € S\ V’,
thereis a pg-pathP in G\ V'’ suchthatlengh(P) < t-distz(p,q).

To our knowledge,fault tolerant Steinerspannershave not beeninvestigatedbefore.
First we shav thatfor eachsetS of n points,t > 1 realconstantandk € IN, a (k,t)-
EFTSS/VFTSSor Scanbeconstructedvhich containgO(kn) edgesandO(kn) Steiner
points. Thenwe shaw thatthereis a setS of n pointsin IR, d > 1, suchthatfor each
t > 1 andk € IN, each(k,t)-EFTSSfor S containsQ(kn) edgesand Q(kn) Steiner
points.In this papemwe assumehatthe dimensiond is a constant.

2 A k-vertex fault tolerant t-spannerwith O(kn) edges

The constructionof a k-vertex fault tolerantt-spannemith O(kn) edgess basedon a
generalizatiorof the 8-graph[17,7,10,11,14,12]. Firstwe introducethe notion of ith
order 6-graph of the pointsetS, for 1 <i < n— 1. Thenwe prove thatfor appropriate
6, the (k+ 1)th order6-graphis a (k,t)-VFTS for thegivensetof points.



2.1 Theith order 6-graph

For the formal descriptionwe needthe notion of simplicial cones.We assumethat
the pointsof IRY arerepresentedy coordinatevectors.Let pg, pi, ..., P4 be pointsin
IRY suchthatthe vectors(p; — po), 1 < i < d, arelinearly independentThenthe set
{po+ zf’zl}\i(pi —po) : A > Oforall i} is calleda simplicial coneand po is calledthe
apex of thecone(seeg.g, in [9]). Let 6 beafixedangleO < 6 < rtandC beacollection
of simplicial conessuchthat

1. eachconec € C hasits ape attheorigin,

2. UeecC=IRY,

3. for eachconec € C thereis afixedhalflinel; having theendpointattheorigin such
thatfor eachhalflinel, which hasthe endpointat the origin andis containedn c,
theanglebetweerl; andl is at most6/2.

We call sucha collectionC of simplicial conesa 8-framé’. Yao[17] and Ruppert
andSeidel[14] shaved methodshow a 6-frameC of ($)°(® conescanbe constructed.
Assumingthatthe dimensiond andtheangleb areconstantve obtaina constannhum-
berof coneslin thefollowing, thenumberof conesin C is denotedby |C|.

Let 0 < 8 < tbeanangleandC bea correspondin@-frame.For a simplicial cone
c e Candfor apointp € IRY, let ¢(p) bethetranslatedcone{x+ p: x € ¢} andletl¢(p)
bethetranslatectoneaxis {x+ p: x € Ic}. Forc € C andp,q € IR? suchthatq € c¢(p),
let dist¢(p,q) denotethe Euclideandistancebetweenp andthe orthogonalprojection
of qtol¢(p).

Now we definetheith order 8-graph Gg i (S) for a setS of n pointsin IRY andfor
aninteger 1 <i < n-—1 asfollows. For eachpoint p € S and eachconec € C, let
S(p) = c(p) NS\ {p}, i.e.,, Sp) is the setof pointsof S\ {p} thatare containedin
the conec(p). For ary integeri, 1 <i <n—1,let Nic(p) C Sp be the setof the
min(i, |Sp)|)-nearesnheighborsof p in the conec(p) w.r.t. the distancedist,, i.e., for
eachg € Nic(p) andq' € Syp) \ Nic(p) holdsthatdistc(p,q) < diste(p,d'). Let Gg,i(S)
be the directedgraphwith vertex setS suchthat for eachpoint p € S andeachcone
c € C thereis adirectededge(p, g) to eachpointq € Ni ¢(p).

2.2 Thevertex fault tolerant spannerproperty

In [14] it is proved thatfor 0 < 6 < 11/3, the graphGg 1(S) is a spannerfor S with
stretchfactort < Wln(e/z)- Theproofis basedn thefollowing lemmawhich will be
alsocrucialto show thefaulttolerantspannepropertyof Gg;(S) fori > 1.

Lemmal. [14] Let0< 6 < T/3. Letp € IRY be a pointandc € C be a cone Fur-

thermoe, let g and r be two pointsin ¢(p) sud that distc(p,r) < distc(p,q). Then
dista(r,q) < distz(p,q) — (1 —2sin(6/2)) distz(p,r).

Theorem1. Let Sc IRY bea setof n points.Let0 < 6 < m/3andl<k<n-2be
an integer number Thenthe graph Gg x+1(S) is a directed (k, Tln(e/z))-VFTSfor
S. G k+1(S) containsO(|C|kn) edgesandit can be constructedn O(|C|(nlogd~1n+
knloglogn)) time

2 Thenotionof 8-framewasintroducedby Yao[17]. We usea slightly modified8-framedefini-
tion whichis suggestethy RuppertandSeidel[14].



Proof. Let S C Sbeasetof atmostk points.We shaw thatfor eachtwo pointsp,q e
S\ S thereis a (directed)pg-path P in Gg+1(S) \ S suchthatthe lengthof P is at
mostﬁnw/z) disto(p,q). Theproofis similarto theproofof RuppertandSeidel[14].
Considetthepathconstructedn thefollowing way. Let po := p, i := 0 andlet P contain
the single point po. If the edge(pi,q) is presentn the graphGg;1(S) \ S thenadd
the vertex g to P andstop.Otherwise Jet c(p;) be the conewhich containsg. Choose
an arbitrary point pi11 € Ner1c(pi) asthe next vertex of the path P and repeatthe
procedurawith pjy1.

Considertheith iterationof the above algorithm.If (p;,q) € Ggx+1(S) thentheal-
gorithmterminatesOtherwise|f (pi,q) € Gok+1(S) thenby definitionthe conec(p;)
containsat leastk + 1 points that are not further from p; than g w.r.t. the distance
distc. Hence,in the graph Gg+1(S) the point p; hask + 1 neighborsin c(p;) and,
therefore,in the graph Gex+1(S) \ S it hasat leastone neighborin c(p;). Conse-
quently the algorithmis well definedin eachstep.FurthermorelLemmal impliesthat
dist2(pi+1,0) < dista(pi, q) andhencegachpointis containedn P atmostonce.There-
fore, thealgorithmterminatesandfindsa pg-pathP in Gg+1(S) \ S. Theboundonthe
lengthof P follows by applyingLemmal iteratively in the sameway asin [14]: Let
Po, ---, Pm betheverticeson P, po = p andpm = q. Then

Z distz(pit+1,0) (dIStg (pi,q) (1—23in(6/2))dist2(pi,pi+1)).

0<i<m 0 <m

Rearranginghe sumwe get

IN

Y dista(pi, Pist) < Toserm D (distz(pi,Q)—distz(pi+1,q))

0<i<m 0<i<m
== Zsm o7 dist2(Po, 9)-

HencethegraphGeg+1(S) isa(k, #n(e/z))-VFTSfor S. Clearly it containgO(|C|kn)

edgeswhere|C| = (d/8)°¥. It canbeconstructedn O(|C|(nlog®~*n+ knloglogn))
time usingthealgorithmof Levcopoulosetal. [12]. They computefor eachpointp e S
andeachconec € C thesetN¢(p) in orderto determineso-calledstrongapproximated
neighbors. O

Corollary 1. Let Shea setof n pointsin IRY, t > 1 a real constantandk an integer,
1 <k< n-2.Thentheris a (k,t)-VFTSfor Swith O(kn) edges.Sud a spannercan
beconstructedn O(nlog®*n+ knloglogn) time

Proof. We set6 suchthatt > Wln(e/z) and0 < 6 < 11/3 andconstructGeg x+1(S). If
t\.1 thenthe constanfactorshiddenin the O-calculusare (2;)°(@.
3 k-edgefault tolerant t-spanners

Levcopoulosetal. [12] claimedthatany (k,t)-VFTSis alsoa (k,t)-EFTS.We give our
own proof of this fact. The proofis simpleandholdsalsofor directedspanners.



Theorem?2. Let Sbea setof n pointsin IR, t > 1 a real constantandk an integer,
1 < k< n—2. Thenevery (directed)(k,t)-VFTSfor Sis alsoa (directed)(k,t)-EFTS
for S,

Proof. Let G = (S,E) bea (directed)(k,t)-VFTSfor S. Let E' C E beasetof at most
k edges.Considertwo arbitrary points p,q € S. Let P* be the shortest(directed) pa-
pathin Ks\ E’. Sucha pathexists, sincethe setof pg-pathsin Ks\ E’ is notempty It
containsfor example,atleastoneof then — 2 pathsin Kg of two edge<s = p, s, q, for
se S\ {p.q}, or theimmediatepathP, = p,q, becausat leastoneof themis distinct
from E'.

We haveto show thatthereis a (directed)pg-pathP in G\ E’ suchthatthelengthof
P is atmostt timesthelengthof P*. Theedges in P* thatarecontainedn G will also
becontainedn P. Considemnedge(u, V) ({u,V) in thedirectedcase)n P* whichis not
containedn G. We shaw thatthis edgecanbesubstitutedy auv-pathP,, in G\ E’ such
thatlengh(Pyy) <t -distz(u,v): For eachedgee’ € E’ (for eache € E'\ {(v,u)} in the
directedcase)we fix oneof its endpointspy suchthatpy € S\ {u,v}.LetS,,:= {pe :
€ eE'} (Sy:={pe: € €E\{(vu)} inthedirectedcase) NotethatS,, < |E’| < k.
SinceG is a(directed)(k,t)-VFTSfor S, thereis a (directed)uv-pathP,y in G\ §,, such
thatP,, doesnotcontainary edgeof E’ andlengh(P,,) < t-disty(u,v). Thedesiredpg
pathP is composedf theedgef P* NG andtheuv-pathsfor theedgequ,v) € P*\ G
({u,v) € P*\ Gin thedirectedcase) Clearly, lengh(P) < t-lengh(P*). O

This, togethemwith Corollary 1, leadsto

Corollary 2. Let Shea setof n pointsin IRY, t > 1 a real constantandk an integer,
1 < k< n-—2. Thentheris a (directed)(k,t)-EFTSfor Swith O(kn) edges.Sut a
spannercanbe constructedn O(n log®~1n+ knloglog n) time

The proofof Theorem2 impliesalsothefollowing for directedgraphs.

Theorem3. Let Sbea setof n pointsin IRY, t > 1 a real constantandk an integer,
1<k<n-2.LetG=(V,E) beadirected(k,t)-VFTSfor S. LetE’ C E bea setof at
mostk edgesandlet E” := {(v,u) : (u,v) € E’}. Thenfor ead two pointsp,q € Sthe
graphG\ (E' UE") containsa pg-pathP sud thatthelengthof P is at mostt timesthe
lengthof the shortestpg-pathin Ks\ (E' UE").

4 A k-vertex fault tolerant t-spannerswith degreeO(k?)

We now turn to the problemof constructingfault tolerantspannersith boundedde-
gree.We proceedsimilar to themethodin [1] which constructsa spannewith constant
degree.However, we musttake muchmorecare,becausef the fault tolerantproperty
andthe goal of keepingthe numberof edgessmall. We have shavn thatfor ary real
constant > 1 we canconstructa directed(k,t)-VFTS/EFTSfor Swhoseoutdagreeis
O(K). In this sectionwe give amethodto construct (k,t)-VFTS whosedegreeis O(k?)
from a directed(k,t'/3)-VFTS whoseoutdegreeis O(k).

In orderto shaw thisconstructionwe needthenotionof k-vertex fault tolerantsingle
sinkspannerThisis ageneralizatiorf singlesinkspannesintroducedn [1]. LetV be



asetof mpointsin IRY, ve V, f > 1 arealconstantandk aninteger, 1 < k< m—2. A
directedgraphG = (V, E) is ak-vertex fault tolerantv-singlesinkf-spanneror (k,{, v)-
VFTssSfor V if for eachu € V' \ {v} andeachV’ C V\ {v,u}, [V'| <k, thereis an
t-spannepathin G\ V' fromuto v.

Now letV beasetof m pointsin IRY, v € V afixedpoint,1 < i < m— 1 aninteger,
8 anangle 0 < 8 < 1/3, andC a8-frame.We defineadirectedgraphGyg; (V) = (V,E)
whoseedgesredirectedstraightiine segmentdbetweerpointsof V asfollows. Firstwe
partitionthe setV in clusterssuchthateachclustercontainsat mosti points.Thenwe
build a tree-like structurebasedon theseclusters For the clusteringwe usethe cones
of C. Now we describethis procedurenoreprecisely

Firstwe createa clustercl({v}) containingtheuniquepointv. For eachclusterthat
we createwe choosea point astherepresentativeof the cluster The representatie of
cl({v}) isv. Theclusteringof thesetV \ {v} is recursve. Therecursiorstopsif V \ {v}
is theemptyset.Otherwisewe do thefollowing. For eachconec € C let V) betheset
of pointsof V '\ {v} containedn c. If apointis containedn morethanoneconethen
assigrthepointonly to oneof them.If onecone,sayc, containamorethanm/2 points,
thenpartition the pointsof V) arbitrarily into two setsvcl(v) andvcz(v) both having at
mostm/2 points. For eachnonemptysetV,, ¢ € C (or in the caseif V) hadto be
partitioned,for eacthl(v) andvcz(v)), let Nic(v) C V(s bethesetof the min(i, [Vey |)-
nearesheighborsof vin Vg, w.rt. thedistancedistc. The pointscontainedn thesame
Nic(v) defineanew clustercl(Ni ¢(v)). Notethatin this way we obtainat most|C| + 1
new clusters We saythattheseclustersarethe childrenof cl({v}) andcl({v}) is the
parent of theseclusters.For eachnew clustercl(N; ¢(v)) we choosea representatie
Uc € Ni¢c(Vv) suchthatdiste(v, uc) = max{distc(v,u) : u € Nic(v)}. Then,for eachset
Vew), CEC (anchl( VCZ(V) if exist), we recursvely clusterVy) \ Nic(v) usingthe
conesarounduc.

After theclusteringis done for eachclustercl # cl({v}) weaddanedgein év,e,i V)
from eachpointu € cl to eachpointw of the parentclusterof cl. Figure1 shows an
examplefor Gygj(V). The dottedlines representhe boundariesof the conesat the
representatiesof theclusters.

v)?

Fig. 1. Thedirectedgraphé\,’g’g(v) for apointsetV in IRZ.

Lemma 2. LetV bea setof m pointsin IRY, ve V afixedpointand1 < k < m—2
an integer numberLet 0 < 6 < 11/3 be an angleand C be a 6-frame Thenthe graph

Guoxr1(V) is a (k, (Wln(e/z))z,v)-VFTssS‘or V. Its degreeis boundedby O(|C|K)

andit canbe computedn O(|C|(mlogm+ km)) time



Proof. For eachpointu € V letcl(u) denotethe clustercontainingit. The outdegreeof
eachpointue V\ {v}in G\,ﬁ,kﬂ(v) is boundedy k+ 1, becauseachpointu hasonly
edgedo the pointscontainedn the parentclusterof cl(u) andthe numberof pointsin
eachclusteris boundeddy k+ 1. (Eachinternalcluster—i.e., aclusterwhichis different
from cl(v) andhasatleastonechild — containsexactly k+ 1 points).Sinceeachcluster
hasat most|C| + 1 children,theindegreeof the pointsis boundedby (|C| + 1)(k+ 1).
The boundfor the constructiortime follows from the factthatthe recursionhasdepth
O(logm).

Now we prove thefaulttolerantsinglesink spanneproperty Consideranarbitrary
pointu e V \ {v}. Let Py := up, ..., U, Up = u andu; = v, betheuniquepathfrom u to
vin éme7k+1(V) suchthat eachinternalvertex u;, 1 <i < |, is the representatie of a
cluster Notethatl = O(logm). Thelengthof Py is atmostTne/z) dista(u,v). If the
edge(u,v) € é\,,e,kH(V), this claim holdstrivially, otherwise,it follows by applying
Lemmal iteratively for thetriplesuiy, Ui, ui—1, i = 1,...,I — 1, in the sameway asin
theproof of Theoreml.

Now let V' C V'\ {u,v} be a setof at mostk pomts We shaw thatthereis a uv-

pathPin G\,e k+1(V) \ V' suchthatlengh(P) < W lengh(Py). Thiswill imply
the deswedstretchfactor(m) . Let P be the pathconstructedasfollows. Let
Vo:=u,i:=0andletP containthesinglgpointvo. If vi = vthenstop.Otherwise Jet
Vi+1 beanarbitrarypointwith (vi,vi+1) € Gygx+1(V) \V'. Add thevertex vi41 to P and
repeatheprocedurewith vi; 1.

Fig. 2. ThepathsPy := up, ..., U andP := vy, ...,Vi. Thedottedlinesshav the coneboundaries.

The above algorithmis well definedin eachstep.To seethis, considerthe ith it-
eration.If the clustercl(v) is the parentof cl(v;) thenthe algorithmchoosew asvi;1
andterminatesOtherwisethe parentof cl(v;) containsk+ 1 pointsand,henceatleast
one point disjoint from V’. The algorithm choosessucha point asviy1. Clearly, the
algorithm terminatesafter | = O(logm) stepsand constructsa uv-path P = vy, ...,V
(Figure2) with

lengh(P disto(Vi, Viy1)
o<il

Z (dlStz Vi, Uit1) +d|5t2(ul+1;V|+1)) 1)
o<l

z <dIS'[2 Vi, Uiy1) +d|st2(u.,v.)) + dista(uy, i) — distz(ug, Vo)
o<T<! _—

= =0 =0

< 1- Zsm 1-2sin(6/2) dIStZ(uI>U|+1) (2)
o< <I

<

A

A

= 1—2sin(e/2) lengh(Ry).



(1) holdsbecausef the triangleinequalityand (2) follows by applyingLemmal for
the triples ui4+1,vi, u;, i = 0,...,I — 1. Hence,the claimedstretchfactorof Gygk+1(V)
follows. ]

Theorem4. Let Sbea setof n pointsin IR, t > 1 a real constantandk an integer,
1< k< n—2. Thentheris a (k,t)-VFTSG for Swhosedegreeis boundedby O(k?).
Thetotal numberof edgesin G is O(k?n) and G canbe constructedn O(nlogd—*n+
knlogn+ k?n) time

Proof. Let Gy beadirected(k,t1/3)-VFTS for Swhoseoutdegreeis O(k), for exmple,
let Go bethe (k+ 1)th order8-graphGe k11 (S) with t1/3 > Wln(e/z)- For eachpoint
p € SletNin(p) :={q€ S:(q,p) € Go}. Let G bethedirectedgraphwith vertex setS
whichis createdsuchthatfor eachp € Swe constructhegraphGp g k+1(Nin(p) U {p})
andwe addthe edgesof ép,e7k+l(Nin (p)U{p}) to G.

We canboundthe degreeof G asfollows. For eachq € S, thegraphG containghe
edgeof éq’e’k_kj_(Nin(q) u{q}). In thisVFTssSeachvertex p hasanin- andoutdegree
O(k). Now for eachp € S, we have to countthe graph£q797k+1(Nin(q) u{a}),qe s
thatcontainp. Clearly, the numberof suchgraphss equalto oneplusthe outdegreeof
pin Go, whichis O(k). Thereforethedegreeof eachp € Sin G is O(k?).

Now we shav that G is a (k,t)-VFTS for S. Let S C S |S| < k. Considertwo
arbitrarypointsp,q € S\ S. SinceGy is a (k,t1/3)-VFTSfor S, thereis ant/3-spanner
pathPy in Go\ S betweerp andq. Furthermorefor eachedge(u, v) € Py, thereis at?/3-
spannepathP,, in G\ S, becauseés containsall edgesof the graphé\ée,kH(Nin(v) U
{v}) whichis, by Lemmaz2, a (k,t%3,v)-VFTssSfor Nip(v) U {v}. Therefore the path
P = Uqyep,Puv is containedn G\ S andP is ant-spannepathbetweenp andg. O

5 Fault tolerant spannerswith Steiner points

In this sectionwe show a very simplemethodwhich constructdor anarbitrarysetS of
n pointsin IR, t > 1, andk € IN, a (k,t)-EFTSSand (k,t)-VFTSSfor Swith O(kn)
edgesandkn Steinerpoints. Thenwe prove the surprisingfactthattheseupperbounds
onthenumberof edgesandon thenumberSteinerpointsin a (k,t)-EFTSSareoptimal
up to constanfactors.

Theorem5. LetSc IRY beasetof n points,k € IN, andlett > 1 arealconstantThen
therisa (k,t)-EFTSSand(k,t)-VFTSSG for Swith kn SteinempointsandO(kn) edges.

Proof. Assumethatthe Euclideandistancebetweerthe closestpair of Sis one.Other
wise, we scaleS accordingly Let € be arealnumbersuchthat0 < € < (t—1)/3. Let
t* =t —2e andlet G* = (S,E*) beat*-spannefor Swith O(n) edgesG* canbecom-
puted,for example,usingthe methoddescribedn [4] or in [14]. We constructfrom G*
a (k,t)-EFTSS/VFTSSG for Sin the following way. Let o € IRY be a fixed point and
let D := {x € IRY : distp(0,x) = €} be the spherewith radiuse whosecenteris o. Let
st, ..., bek distinctpointson D. (In thecaseif d =1, let st, ..., ¢ bek distinctpoints
suchthatO < distz(o, pi) <€, 1 <i < k.) For eachpoint p € Stranslatethe sphereD



andthepointsst, ..., s¢ on D suchthat p becomeshecenterof thesphereLet pt, ..., p*

denotethetranslatedhointsaroundp. We constructhegraphG = (V, E) suchthat

V:={p,pl,..,p:peS} and
E:={(p.0):(p,0) €E'} U {(p.p): peSLI<i<k} U
{(p,d): (p,a) €E*,1<i <k}

P

P q
\/<q q
7

Fig. 3. Examplefor thegraphsG* andG for k= 3,d = 2.

Clearly, the graphG haskn Steinerpointsand O(kn) edgeslt is obvious that G
is a k-EFTSSand k-VFTSS for S, becausdor eachpair of points p,q € S and for
eacht*-spannepathP* = p, p1, ..., pi—1,q in G* betweenp andq, therearek + 1 edge
disjointandup to theendpointsvertex disjoint pg-pathsP® = p, py, ..., pi—1,q andP' =
p,p, P, P_1,0,0, 1 < i <k, in Gwhoselengthis atmost

lengh(P*) +2¢ < t*-dista(p,q) +2¢ < t-distz(p,q).
Figure3 shavs anexample. O

Now we prove a lower boundon the numberof edgesand Steinerpoints which
shavs thatthe above upperboundis optimalup to a constanfactor

Theorem6. Foreadk € IN,n> 2, andt > 1, there existsa setSc IRY of n pointssud
thatead (k,t)-EFTSSor Scontainsat leastQ(kn) Steinempointsand Q(kn) edges.

Proof. We give anexamplefor a setS of n pointsin the planefor which we show that
each(k,t)-EFTSSfor ScontainsQ(kn) SteinempointsandQ(kn) edgesFor two points
p,q € IRY let

el(p,q) := {x € IR: dista(p,x) + distz(q,x) < t-dista(p,0)}.

If p,qaretwo pointsin SandG is a (k,t)-EFTSSfor Stheneacht-spanneipathbe-
tween p andq mustbe containedentirely in el(p,q). Clearly, a pathwhich contains
apointv outsideel(p,q) hasa lengthat leastdistz(p, V) + distz(q,v) which is greater
thant - dista(p, ). For p,q € Slet Gpq be the smallestsubgraphof G which contains
all t-spannempathsbetweenp andg. SinceG is a (k,t)-EFTSS,Gpq mustbe k-edge
connectedOtherwise we could separatep from g in Gpq by deletionof a setE’ of k
edgesandthereforewe would not have ary t-spannepathin G\ E’. Sincethe graph
Gpq is k-edgeconnectedMengers Theoremimpliesthatit containsatleastk + 1 edge
disjoint pg-paths.Hence,Gpq — and, therefore el(p,q) — containsat leastk vertices
differentfrom p andq andatleast2k — 1 edgesof G.

Now we showv how to placethe pointsof Sin orderto getthedesiredowerbounds.
We constructthe setS of n pointsin the planehierarchicallybottom-up.For simplic-
ity of the descriptionwe assumehat n is a power of two. Let | be a horizontalline



andlet o be ary fixed point of |. We placethe pointsof Son|. We put p; € Sto o

and p € Sright from p; suchthatdistz(ps, p2) = 1. Let € > 0 be a fixed real num-
ber We translateel(p1, p2) with the points p; and p, right on |, by a Euclideandis-

tancet + €. This translationguaranteeshatel(p1, p2) andthe translatecellipsoid are
distinct. Let ps and ps denotethe translatedpoints p; and py, respectrely. In gen-
eral,in theith step,1 <i < logn, we translatethe ellipsoid el(p1, p,i) with the points
p1,---, Poi rightonl, by a Euclideandistance - distz(p1, p,i) + €. Denotethe translated
pointsby py i, ..., Pyi+1 (Figure4). Thentheellipsoidsel(p1, p,i) andel(pai, 1, Poi+1)

are distinct. We say that the ellipsoid el(p1, p,i+1) is the parent of el(p1, p,i) and
el(py40i, Poi+1). Furthermorewe call the two childrenof an ellipsoid siblings of one
anotherWe denoteby parert(el(.,.)) andsib(el(.,.)) the parentandthe sibling of an

ellipsoidel(.,.), respectiely.

el T

Fig. 4. Examplefor a setS of n pointsfor which each(k,t)-EFTSScontainsatleastn/2 Steiner
pointsand(3k+ 3)n/2— (k+ 1) edges.

Now we countthe Steinerpointsandthe edgesin an arbitrary (k,t)-EFTSSG for
thesetS. Considera pair of pointspyj_1, p2j € S, 1 < j < n/2. For this pair, thereare
at leastk + 1 edgedisjoint pathsin G containedentirely in el(p2j_1, p2j). Since,for
j # |’ theellipsoidsel(pzj_1, p2j) andel(pyjr_1, p2jr) aredisjoint, eachel(pzj_1, p2j)
containsin the interior at leastk Steinerpointsand2k + 1 edges Furthermore pyj_1
and pzj mustbe (k+ 1)-edgeconnectedvith the pointsof sib(el(pzj_1,p2;j)). There-
fore,we have atleastk + 1 edgescontainecentirelyin parert(el(p2j—1,p2j)) thathave
exactly oneendpointin el(pzj_1,p2j). We canrepeattheseargumentsat eachlevel of
the hierarchyof theellipsoids.Thenwe obtainthatthe numberof edgesn G is atleast
(2k+1)n/2+ (k+1)(n/2—1) = (3k+2)n/2— (k+ 1) andthenumberof Steinempoints
is atleastkn/2.

In the caseif n is not a power of two, we place2' points,where2~1 < n< 2', in
the sameway asdescribedabore. Thenwe remove the points pn.1, ..., P,i. Usingthe
above argumentswe obtainthat for this point set,each(k,t)-EFTSScontainsat least
k| n/2| Steinerpointsand(3k+ 2)|n/2| — (k+ 1) edgesThis provesthe claim of the
theorem. O

6 Conclusionand openproblems

Someinterestingproblemsremainto besolved.Is it possibleto construct (k,t)-VFTS
whosedegreeis boundedby O(k)? Levcopouloset al. [12] studiedfault tolerantspan-
nerswith low weight. Let w(MST) be the weightof the minimum spanningreeof S.
In [12] it is proventhatfor eachS a (k,t)-VFTS canbe constructedvhoseweightis



O(ck+1w(MST)) for someconstant. Canthis upperboundbeimproved?In [12] it is
alsoproventhat Q(k?w(MST)) is a lower boundon the weight. Is it possibleto con-
structa (k,t)-VFTS with lower weight using Steinerpoints?Finally, we do not know
ary resultsfor faulttolerantspannersvith low diameter
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